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Optimization on the Stiefel manifold



Optimization over the Stiefel manifold

General form

min  f(X)
XERnXp

s. t. X"X=1, (p<n)

e f:R"? — R, continuously differentiable
e p(p+ 1)/2 constraints: nonconvex
e Stiefel manifold:

St(p,n) = {X eR™?: X" X =1,}

Challenges
o nonconvex constraints
NP-hard (special f)
preserving feasibility (large scale)

f(z,y, 2z) = 2 + 5y% — 32% 4 5z

parallel scalability



Existing methods

& Optimization on matrix manifolds

0O 0O 0O O 0O O ©o

Steepest descent: [Helmke-Moore'94; Udriste’'94]

Conjugate gradient: [Edelman-Arias-Smith'98; Brace-Manton'06; Smith'94; Gallivan-Absil'10];
Newton: [Smith'94; Edelman-Arias-Smith'98; Hu-Wen-Milzarek-Yuan'17; Zhao-Bai'22]

Quasi-Newton: [Edelman-Arias-Smith'98; Brace-Manton'06; Gallivan-Absil'10; Huang-Gallivan-Absil'15]
Trust region: [Absil-Baker-Gallivan'07]

Geodesic search in canonical metric:  [Abrudan-Eriksson-Koivunen'08]

Cayley transformation: [Nishimori-Akaho'05]

& Searching in tangent space

o
o

Projection-based method: [Manton'02; Absil-Mahony-Sepulchre'08]
Constraint preserving update scheme: [Wen-Yin'12; Jiang-Dai '14]

& Other types of work

O O 0O O O

Splitting and alternating: [Lai-Osher'14]

Non-retraction based framework: [G.-Liu-Chen-Yuan'18; Wang-G.-Liu'21]
Vector transport-free SVRG: [Liu-So-Wu'15; Jiang-Ma-So-Zhang'17]
Constraint dissolving optimization: [Xiao-Liu-Toh'21-24]

Gradient flows and PCG in DFT: [Dai-Zhou'14-'23]

B optimization algorithms on matrix manifolds [Absil-Mahony-Sepulchre’08]

B An introduction to optimization on smooth manifolds [Boumal'23]



Riemannian optimization

€3 Riemannian gradient method

| E Choose search direction |
i ZF = —gradf(X*) i
} Perform a line search scheme }
} and choose a suitable step size # |
l l
| |

Retraction: X* = Ry (4 2%)

Retraction: For all X € M in general, it is globally defined
1) Rx(0x) = X, where Ox is the origin of TxM;
2) $Rx(tZ)|1=0 = Z forall Z € TxM

% How to construct a retraction map for M?
© Stiefel manifold: SVD, OR, Polar, Cayley...

~» New challenges emerging from applications!



Principal Component Analysis (PCA)

Dimensionality reduction: R — R?

[Pearson’071; Jolliffe’86; Oja’01; Zou'10-...]
e sample size: n
o feature space: R™

e observation data matrix: A € R™*"™

i L (XTA-A)(A-A)TX
Jmin =gt (X (4 - A)(A-A)TX)
s. t. X € St(p,n)

A T
where A = L3 A1
~+ Large sample size n

o online PCA?

o GPU acceleration?



Independent Component Analysis (ICA)

Observations (mixed signal)

[T 1CA

True Sources
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Separation of a mixture of signals [Hyvarinen's9]

e data matrix: A = [a1, ..., an] € RVX"

e scalar function: o(z) = log(cosh(z))

min % Zfl:l Zyzl U([AX]iJ‘)

XeRnxn
s. t. X € St(n,n)

o mini-batch?

~» Average of N functions




Generalized eigenvalue problem

Az = \Bzx

Rayleigh-Ritz trace minimization [shustin-avron'23]
e B: symmetric positive definite
o generalized Stiefel manifold: Stp(p,n) := {X € R™?: X" BX = I,,}

i tr(XTAX . . .
XeRnXp i ) ~ Generalized Stiefel manifold
s. t. X € Ste(p, n)

o matrix decomposition for B?



Orthogonal weights in deep learning
AN

O —eicvcie

FULLY
INPUT CONVOLUTION + RELU POOLING CONVOLUTION + RELU POOLING FLATTEN CONNECTED SOFTMAX
Y N
FEATURE LEARNING CLASSIFICATION

Neural networks with Stiefel manifold [Bansal-Chen-wang'18; Wang-Chen-Chakraborty-Yu'20]

e random variable: &

i Ee[f(X, . .
XeRnx (X, €)] ~ Stochastic gradient

s. t. X € St(p,n)

» variance reduction?



Canonical Correlation Analysis (CCA)

Measuring similarity between X, eR™
datasets [Raghu etal'17] : X W, X, W, e R
e sample size: N W R e
e datasets: Dy = (di,...,dY), . o
Dy=(dy,.... ") RNy g ]
W, eR¥> i AN
e the top-p most correlated v, " i
. . — Tl
principal components:
X,Y e R™P L
min E; [—tr(X " di(ds)" V)]

X,YeRnXp
s.t. XTE;[di(d})T]X = I, and Y TE;[di(d})T]Y = I,

~~ Random manifold

o rank-deficient? mini-batch
E;ldd (d) 7] 0

o storage of B? B = o
g 0 E;ld} (d5) T



Can we still resort to geometric methods?

e choose search direction on the tangent space Z = —gradf(X)
- depends on the Riemannian metric g(-, -), thus projection

e line search with a suitable step size ¢

o X +t77?
- retraction: XT = Rx(tZ)

~+ Intractable geometry with noisy



Landing field and landing flows



One-shot algorithm attempts to resolve all challenges

infeasibility
decomposition-free

orthonormalization-free para[lel
retraction-free __mini-batch

computing  rank-deficient

wnais NANITTOld online  variance-reduction

- Stochasticstjefel

ccgaeometry [arge_sca[e random storage

pca

scalability

generalized

. non-convex
gpu-acceleration

Desirable one-shot algorithm

e retraction-free orthonormalization-free

e stochastic gradient variance reduction

e random manifold with noisy generatized manifold
e mini-batch rank-deficient covariance

e online data storage of manifold

e GPU acceleration parallel scalability



Penalty methods

Penalty inexact penalty

min X
xéme 1) N = IXTX - I
s. t. X € St(p,n)

e Quadratic penalty: f(X) 4+ AN(X) [xie-xiong-Pu'17 Balestrieros; Bansal-Chen-Wang'18]

— St(1,2) . Penalty solution X* + Constrained solution X (p.n)
A=0.1 A=1 A=10

e )\ is small: minimizer is far from manifold
e )\ is large: bad condition 13




Infeasible methods

Penalty — augmented Lagrangian exact penatty
e augmented Lagrangian function [powell's9; Hestenes'69]
£(X) = %(A, XTX L)+ AN(X)
e Fletcher's augmented Lagrangian [rietcher70]

eI

e modified augmented Lagrangian function [G.Liu-vuan9]

<X*Vf(x), XTx - 1,,> FAN(X)

J(X) - %(sym(Vf(X)TX), XTX - L)+ N(X)

e constraint dissolving function [xiao-Liu-Toh'23]

f (x (g[p - %XTX)> +AN(X)

~+ performance is sensitive to the penalty parameter A > \* > 0



Landing field

Landing system continuous-time
X(1) = —A (X (1)
e landing field:

A(X) = p(X)XHAVN(X) | ¥

e relative gradient: ¢¥(X)X
P(X) = 2skew (Vf(X)XT) 021

A cool feature

3 107
<’¢} X Vi \ )> 3‘% —— Landing
© 3 4 —
= < (xXTX - [)X> g PLAM
E 101
=0 8107
e always orthogonal ~ A > 0 ﬁ 10-9

4
e PLAM: [G.-Liu-Yuan'19] 0 2000 000 6000 8000 10000

Vf(X) — X Syln(Vf(X)TX) +) VN'(X) iterations



Geometric interpretation of the landing

Geometry: X ¢ St(p, n)

StY(p,n) ={Y eR™7: Y'Y = M}

W xT
NxSt* *(p, n)

e diffeomorphism from St(p, n) to
StM(p, n): @ gy : RVXP 5 RIXP E—— StXTX(p., n)

sy — b (X)X = —gradf(X) g ] T

. Tetricz gry(g,gl) :T<5,(I@r— . - -
EY(Y vV rlyTeyTyy-h. S e -

tangent space: Ty StM (p, n) =
(WY : WeSh, .} P, n)
normal space: Ny StM (p, n) =

{Y(yTy)"ts:sesh,.}

e Riemannian gradient:
gradf(X) = (X)X

St(p, n) = St" (p, n) R™XP

A(X) = ¢(X)X i /\VJV(X)
Riemannian gradient  normal vector



Continuous-time convergence: stability

X(t) = A (X (1)
e solutions (landing flow) exist and are unique:
©i(Xo) starting from X, € RY*P
e penalty is nonincreasing:
d
N X)) ==A VN (X()Iz <0
e convergence to the Stiefel manifold:
lim N (¢(X0)) =0
t—o0
e convergence to the set of critical points:
X" e {X" eSt(p,n): (X)X =0} ifandonlyif A(X")=0

e asymptotic stability: For all Xo € RY™?, if X* is a local minimum and
isolated critical point of f relative to St(p, n), and if X* is an w-limit
point of p¢(Xo), then lim¢— o0 w¢(Xo) = X*



Discrete-time convergence: safe step size

A(Xk) = (Xk) X + AVN(Xp)

Kiwr = X = mA(X) M -

St(p, n
. ~_ St(p,n)° )

- ~
- ~

Sage region and step size
St(p, m)° = {X € R™| N(X) < 1¢%}
Let V(X)) = d” < 27 and g = ||A(X}) || p, then if

(1 — d) + /N2d2(1 — d)? + ¢%(c — d) 1}

e < n(Xy) = min{ 7 "X

the next iterate stays within the e-region: NV/(X,41) € St(p, n)°

Lower bound for step size

. ) A1 —e)e e 1
X)) >0t = e o2 \/ 530 5y
n(Xi) 21 mm{a2+/\2(1+6)527\/;7 2)‘}

where a = sup ycsie () |0(X) X



Discrete-time convergence: global convergence

Merit function [6.-Liu-vuan'19]
1
L(X)=f(X) - 5<sym(Vf(X)TX)7 X'X - L)+ pN(X)

for suitably chosen p > 1 maxxesis (p,n) [|VF(X)| 7

Global convergence
For iterations from Xy € St°(p, n) with bounded n < min(i, Y vavee==t/)
9

S £(Xo) = £7) -
%g Jerad s < HEEXDZED ang Z N < 2B L)

where £* = minxegie(p,n) £(X) and Ly is Lipschitz constant of £

Worst-case Complexity O(e™2) iterations to e-stationary point

inf [lsrad/(X0)]| = O(1/VE)  and  inf X[ Xi — Lllr = O(L/VE)



Deterministic and stochastic algorithms




A family of landing algorithms

min %Ef’zlfl(X)

XERnXP
s. t. X € St(p, n)

Landing gradient descent: a prototype

[ Xpy1 = Xp — ﬂkA(Xk) ]

e A(X) = % Zf\rzl Ai(X)
o Ai(X) = 9i(X) + AVN(X)

o ¥i(X) = 2skew (VA(X)XT)

20



Landing stochastic gradient descent (Landing-SGD)

Assume E;[A;(X)] = A(X)

Xip1 = X — meli (Xi)

Decreasing step size
_1 . v *
=10 X (L+k)"2 and no = mln(g%ga permeEns L] )

kig(IE[ngadf(Xk)Hﬂ ) (103%()) and kig(E[H/\/’(Xk)HQ] o0 (lo\g/(EK))

Constant step size
_1 . v *
7]:770X(1-|—K) z and nozmln(i%,\%g(lﬁ)ﬂl )

. 2o L : 2 _of L
int Ellerads (X0 =0 (=) and it EINCRIT =0 ()
Sample complexity: @(e~2) which matches the classic Riemannian SGD

21



Landing-SAGA: variance reduction

Assume E;[ Aj¥] = A(X)
Xir1 = X — AL (Xy)
e batch size: m
o AF(Xy) =
gradf, (Xy) — skew (¢ X, ) Xy + 2 37| skew (X, ) Xi + AVN(X)
o = Vf (Xx) and @], = @] forall j # i

Constant step size
Assume

1/3
< min ! P /
K "’L RN +e)L; \ 4NN + 2)L,L2(1 + ¢)

Then, we have

inf Eradf (X:)|7] = 0(%) and int BN (X0) ) = 0(%)

Sample complexity: O(N%afl) which matches the Euclidean SAGA

22



Landing on random Stiefel manifolds

min - Elfe(X)]
ERNXP

s.t. X €Stp(p,n):={XeR”IX"BX =1} and B =E[B]

Stochastic landing

Xk = xk nkAgkygkYC/Ic(Xk)
o Ag o (X) = We o (X) + AV ¢ (X)
o Ue o o(X)=2skew (Vfe(X) X Be) B X
o VN¢ o (X)=2Bo X (X"BcX — I,) and N(X) = || X" BX — L[|#

23



Landing on general manifolds

min  f(X)

z€ERE

s.t. XeM:={zeR’: h(z) =0}

General landing
D1 = o — MeA(an)

A(zy) = ¥ (z) + \VN ()

N(X) = Ln(a)|* (stochastic [A(z*) + B(a*,24)])

Relative descent direction
A relative descent direction ¥(z) : RY — R?, with a parameter p > 0 that

may depend on ¢ satisfies:

(orthogonality) Vo € M*®, Vv € span(Dh(z)*) : (¥(z), v) =
(gradient-related) Vz € M* we have that (¥(z), Vf(z)) > p||\I/( )||2;
(optimality) For = € M, we have that (¥(z), Vf(z)) = 0 if and only if z is

a critical point of f on M
2



Convergence of general landing

Sage region and step size
M ={zeR": ||n(z)]| < e}

_ AYN@)* + VR[VN(@)[[* + Ly A @) [P(£2 — [[~(2)][?)
77 S 77(117) * A 2 ’
Ly ||A(z)]
the next iterate stays within the e-region: .., € M~

Lower bound for step size

n(z) > min{ c , 2\0 }
V2L Cy ' La(CE + N2 Che?)

Convergence
The landing iteration starting from zp, € M°* satisfies

K K
1 o L% —L* 1 9 L(z%) - L7
% §=1 9 () || < 4 oK and K;;:l IA(zi) I” < 4 PN E

. . ACPe?
for a constant step size n < mln{2L , QLECQ, \/ﬁo@’ (e AZC}ng)}

25



Numerical experiments




Numerical test on online PCA

10! -
— { —— ———
Z 10!
£ I
.. . £107?
Principal component analysis £ \\
E 10-° - =
min —% HAXHIQJ g 107 N
X€eERnXp 5
i

mmm= |anding == = Reg. A\ =102 |
= = = Retraction == Reg. \ = 10*
o
T

s. t. X € St(p,n)

0 5 10 15
Time (sec.)

e dimension: n = 5000 : : ‘
. 'mm Landing == = Reg. \=10%"]
e sample size: N = 15000 1004 === Retraction === Reg. \ = 10" |
\
e Ac RNX'IL ) \ .
8 “
e batch size: 128 £10? ‘| *e
= "
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10! [ L AN
i S C—
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Numerical test on ICA

Independent component analysis

min % vazl 2;21 0([AX}ij)

XERnXn

s. t. X € St(n,n)

e dimension: n = 10
e sample size: N = 10000
e A=SBT and § e RV*"

=>= Landing SAGA =®- Landing SGD =% Landing GD =®- Riemannian SGD =%¥— Riemannian GD

102 '\E_ g 107 -
i o \ ‘ g ~ w/l
L 03 \.‘ i 2 — X\
= = .
= b \ L.‘ g x]

107 % i <

1072 10° 102 100 1072 10°
Time (sec.) Time (sec.) Time (sec.)
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Numerical test on generalized eigenvalue problem

T T T T
e Riem. grad. descent

104 *\‘
\ e Landing with T(X)

10° 4 "\ = Landing with ¥ 5(X) |
. . 3 s PLAM
Generalized eigenvalue problem RIS N\ ~—
g N\ —
min tr(X T AX) e

XeRnxr 10° M —
s. t. X € Stg(p,n) ~—

10!

0 20 40 60 80 100 120

Time (sec.)
e condition number: k = 100
e dimension: n = 1000 and p = 500 107! ~—
\ —
* A(A)i € [1/k,1] gz o
= \ e Landing with W (X)
e \(B); € [1/k,1]. g 107 \ === Landing with ¥p(X) |
’ 2 \ e PLAM
e GPU acceleration: CUDA S 1070 - \
10713 \\‘\‘
\\

0 20 40 60 80 100 120
Time (sec.)
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Numerical test on convolutional neural network with orthogonal kernels

10° T T T

. g === landing === Reg. A=1
g 102 " ®* Retraction s Reg. \=10° |
Orthogonal CNN k= A "-w.,;_,_,
g 107 ¢ L -
. N S
min >0 U fe(zi), yi) £ - s
o
s. t. 0 € eorth : 91 € St(p7 n) § e wd
g 10°® o - —
a

e fo(-) is VGG16 convolutional
neural network,

e O,n includes 13 matrices of size 90%

~ 1000, -
8 70%
o (z;, y:) samples from CIFAR-10, g
with a batch size of 128 samples, fixed & 5%
stepsize (decreasing every 50 epochs) ./ — Londing  — = Reg. A—1
30% s == Retraction === Reg. A\ =107 |
H o % %
Time (min.)
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Numerical test on stochastic CCA

1o° L ‘Riem. GIS (roIIing‘avg.)
memsm | anding (¥ (X), rolling avg.)
me= L anding (¥(X), online)
Stochastic CCA £
& 107!
I}
min _ E; [—tr(XTdi(d)" V)] ™
X,YERNXP ~
s.t. XTE:[di(d})"]|X =1, [
T i i T 0.0 2.5 5.0 75 100 125
Y ]El[dé(dé) ]Y = IP Time (sec.)
. 10! “
e online
. . B WM Mg ~—
e dimension: p =5 g 107
e batch size: 512 g 10 \
a \
\\
00— ——]

0.0 2.5 5.0 7.5 10.0 12.5
Time (sec.)
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Conclusion and perspectives

Take-home notes

e retraction-free algorithms
decomposition-free; parallel scalability; BLAS operation

e stochastic gradient + noisy manifold

e generalized stiefel + general manifolds
- higher-order landing flow

— other manifolds
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Thanks for your attention!

Email: gaobin@lsec.cc.ac.cn
Homepage: https://www.gaobin.cc
Group blog: https://www.gaobin.cc/popman

homepage group blog
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