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Optimization on product manifolds



Problem statement

Optimization on a product manifold
min f(z)

f:+ M — R:asmooth function

e el

& & Ex

product manifold M= My x Mo x - x Mg



Applications

e Canonical correlation analysis (CCA) [vger-Berar-Gasso-Rakotomamonjy'12; Shustin-Aeron'23]
M = Sty (m, dg) X St (m, dy)
e Singular value decomposition (SVD) [sato-lwai"13]
M = St(p, m) x St(p, n)
e Joint approximate tensor diagonalization problem maximize diagonal elements
[Usevich-Li-Comon'20]
M= Xizlst(r, ng, C)
e Dimensionality reduction of EEG covariance matrices ££6 classification
[Yamamoto-Yger-Chevallier'21]
M = xt_,St(p,m)
e Matrix completion (MC) [Mishra-Apuroop-Sepulchre'12]
M . RnX'r X Rer
- * *
e Tensor ring completion (TRTC) [6.-Peng-Yuan'24]
M — Rnl ><'V‘1T2 X RTLQXTQT:; X o0 X Rnd)('rd"'l
e Tensor completion/decomposition problems [Kolda-Bader09; Kasai-Mishra'16;
Dong-G.-Guan-Glineur'22]

M = x3_ St(ry, my) x R X72%73



Motivation 1: different metric, different gradient

Riemannian gradient descent method (RGD)

0. Develop Riemannian geometry — metric g

1. Search direction: £ = —gradf(z) = —Projp,_,(gradf(X))
2. Stepsize: s

3. Retraction: Ry (s§)

g(gradf(z),n) = (Vf(z),n), n € TaM

~  Different metric, different gradient!



Motivation 2: alleviate ill-conditioning

Local convergence rate of RGD

RGD with fixed stepsize z(t+1) = R (= %grad\/'(?‘” ))
e Strict local minima z™: gradf(z*) = 0 and Hessf(z") > 0
e Linear convergence rate: at most 1 — 1/x,(Hessf(z"))
Metric-related Rayleigh quotient (soumal3]

e Rayleigh quotient of Hessf(z):

()= 9:(€,€)

e Condition number: r,(Hessf(z)) := Amax/Amin

Eigenvalues: Amax = supge, m @2(€); Amin = infeer,m @2(€)

~+ Different metric, different condition number!



A toy example
min f(x):= —b'x

s.t. xe M:={xeR": xBx=1},

e B = diag(22,3%,1)andb = (1,1,1)
e x* =B~ 1'b/| B~ !b]|p: closed-form solution

Different metric, different performance

9= (&, (AL, + (1 — A)B)n) for tangent vectors £ and n

0)

x(




Developing a preconditioned metric



Approximating the Newton direction

Inspired by matrix case: A is SPD and M = R"
9:(&,m) = (€, An) — gradf(z) = A'V/(z)

General manifold
Construct an operator 7/ on TE such that

&: the ambient space of M

9:(&,m) = (&, H(2)[n]) ~ (€, Hessef(z)[n])
!

grad,f(z) = . (H(2) ' [V(2)]) ~ (Hessef(x)) " [grad.f(z)]

e II, ,: projection on tangent
e Hesse f: Riemannian Hessian under Euclidean metric

~» What is Hess, f and how to approximate?



Block-diagonal approximation

M= Mi x My XX Mg

Block structure of Riemannian Hessian on product manifolds
Hess. f()[n] = (Hu1(z)[m] + Hiz(z)[n2] + - - + Hix (z) k],
Hoy (2)[m] + Haz(2)[n2] + - - - + Hax (2)[nx],

Hy1(z)[m] + Hrz(z)[n2] + - + Hrr (2)[nk])



Block-diagonal approximation

M= Mi x My XX Mg

Block structure of Riemannian Hessian on product manifolds
Hess. f(z)[n] = (H11(2)[m] + Hiz(z)[n2] + - + Hix (z) k],
Hoy (2)[m] + oo (@) [n2] + -+ - + Hax (2)[n],

Hyr(z)[m] + Hz(x)[n2] + -+ + Hicw (2)[nk])

Approximating “block-diagonal” terms

Hy(z) ~ Hy,(x): easy to construct; easy to compute inverse

Gap (Ey ) 1= tr(ERH () [w]) & (Eny () [08])

“Block-Jacobi” preconditioning in matrix case [pemmel'23]
e Block-diagonal matrix D := diag(D11, D22, ..., Dkxk)
M — DMD'



Developing preconditioned metric on product manifolds

222

/e /&

product manifold M := My x Mz x --- x Mg

Constructing metric on each component M,

9:(&,m) = gay (§1,M) + Gun (§2,m2) + -+ + Guye (kM)
= tr(& 7 () [m]) + - - + tr(€ e (2) i)

foré,n € Ty M



Riemannian gradient under the preconditioned metric

M=M1><M2><~~-XMK

Non-Euclidean metric
&m € TeM

K K
9:(&,m) = Z (Ek Hi(: Z Ery Hie (0
k=1 k=1

Riemannian gradient

grad,f(2) = Iy.s (71 ()7 0f(2)],
~[af (2],

Haclo) ™ [oxf (@)])

Iy, : Ty € >~ E — Ty Mthe orthogonal projection operator w.rt. the metric g onto Ty M



First-order methods

Riemannian gradient descent (RGD) method

o Search direction: ¥ = —grad, f(z'")
e Stepsize: s(*)
e Update: z(HD =R, (sV?)

Riemannian conjugate gradient (RCG) method

o Search direction: 5 = —grad f(z") + B Ty r1n@=V

Ti«t—1: vector transport; BM: c6 parameter
e Stepsize: s(*)
e Update: z(F) =R () (sW?)




Works interpreted by preconditioned metrics

Problem and methods

Search space M and variable

Metric gz (&, 1), &, m € Ta M

MC [Mishra-Apuroop-Sepulchre’12]
RGD, RCG, RTR

Rm,)( i X R’n)(’r‘
* *
(L, R)

(€1, 11 (RTR)) + (&2, n2(L'L))

Matrix sensing [Tong-Ma-Chi'21]
ScaledGD

RmXT X RnXT
* *
(L, R)

(61, m (RTR)) + (€2, m2(L'L))

Tucker TC [Kasai-Mishra'16] x3_ St(rg, ny) x R'1X72X73 3

RCG (U1, Us, Uz, G) ; (&k» Wk(G(;C)G(k)» + (&g, ng)

CP TC [Dong-G.-Guan-Glineur22] X R™ X" d X X

RGD, RCG w ku Uy > (6 mi(UOI#R)TUiE 4 51,))

y 1,Y2,...,Yq k=1

TTTC [Cai-Huang-Wang-Wei'22] xd_ RF-1 X X Tk d .

RGD, RCG, RGN (X1, Xo, ..., Xp) 2, (& i (i HL)

TR TC [G.-Peng-Yuan'24] ngankXTk—lTk d .

RGD, RCG (W1, Wa,. .., Wy) 2 (6 e (Wogg Wy + 8Ly _y 1))

CCA [Yger et al’12; Shustin-Aeron'23] Stsy.(m, d;) X Stxy, (m, d.

RCG ¢ Baa T()U v) By (2 ) (€15 Baem ) + (62, Syym2)
MC=matrix completion; TC=tensor completion



Works interpreted by preconditioned metrics

Problem and methods

Search space M and variable

Metric gz (&, 1), &, m € Ta M

MC [Mishra-Apuroop-Sepulchre’12]
RGD, RCG, RTR

Rm)(?‘ X R’n)(’r‘
* *
(L, R)

(61,1 (R'R)) + (€2, m2(L'1))

Matrix sensing [Tong-Ma-Chi'21]
ScaledGD

RmXT X RnXT
* *
(L, R)

(€1,m (R'R)) + (€2, m2(L'1))

Tucker TC [Kasai-Mishra'16] x3_ St(rg, ny) x R'1X72X73 3 o
RCG (U1, Us, Uz, G) §1<§k’ (GG )) + (€gang)
CP TC [Dong-G.-Guan-Glineur'22] xd_ R™WXT d T

5 i (U0 TUi#k 61,
RGD, RCG (U1,Us, ..., Uy) §1<§k i 51,))
TT TC [Cai-Huang-Wang-Wei'22] xd_ RF=1XRXTh Edl o ma (L))
RGD, RCG, RGN (X1, X, ..., Xy) 2=, (G i ()
TR TC [G.-Peng-Yuan'24] X R X TR—17h d . 7
RGD, RCG (W1, Wa, ..., W,) k§1<§kv"7k(“ LW o+ 0Ly )

CCA [Yger et al’12; Shustin-Aeron'23]
RCG

Sts,, (M, dg) X S':z;yy(m7 dy)
(U, V)

(€1, Sm) + (€2, 2yym2)

MC=matrix completion; TC=tensor completion



Works interpreted by preconditioned metrics

Problem and methods

Search space M and variable

Metric gz (&, 1), &, m € Ta M

MC [Mishra-Apuroop-Sepulchre’12]
RGD, RCG, RTR

Rm,)( i X R’n)(’r‘
* *
(L, R)

(61,1 (R'R)) + (€2, m2(L'1))

Matrix sensing [Tong-Ma-Chi'21]
ScaledGD

RmXT X RnXT
* *
(L, R)

(€1,m (R'R)) + (€2, m2(L'1))

Tucker TC [Kasai-Mishra'16] X P St(ry, ny) x RMLX72X73 3 AT
RCG (U1, Us,Us, G) §1<§Im (G ) Glu))) + €y ng)
CP TC [Dong-G.-Guan-Glineur'22] xd_ R™WXT d TPy o -

= e (UC3#R)TUQi#k 4 61,.)
RGD, RCG (U1,Us, ..., Uy) §1<§k i 51,))
TT TC [Cai-Huang-Wang-Wei'22] xd_ RF=1XRXTh Edl o ma (L))
RGD, RCG, RGN (X1, X, ..., Xy) 2=, (G i ()
TR TC [G.-Peng-Yuan'24] ngankXTk—lTk d . )
RGD, RCG (W1, Wa, ..., W,) k§1<§kv7lk(“ W + 6Ly )

CCA [Yger et al’12; Shustin-Aeron'23]
RCG

Sts,, (M, dg) X S':z;yy(m7 dy)
(U, V)

(€1, Sm) + (€2, 2yym2)

CCA (this work)
RGD, RCG

Sty (m, d2) X Sty (m, dy)
(U, V)

(€15 DoemMy 2) + (€2, 3,,m2M2 o)

SVD (this work)
RGD, RCG

St(p, m) X St(p, n)
(U, V)

(£1,m1 (sym(UTAVN)? 4 61,,)1/2
(€2, n2(sym(V'ATUN)? 4 61,)1/2)

MC=matrix completion; TC=tensor completion



Example: canonical correlation analysis




Problem formulation

Given two data matrices X € R™*% and Y € R™*%

Optimization on the product of two generalized Stiefel manifolds

min f(U,V) := —tr(U'S,, VN)
UeRdz Xxm veRdy Xm
s. t. (U,V) € Sts,, (m, ds) x Sts,, (m, dy)
Sy 1= X‘Y, N = diag(p1, 1o, oy fm) 1 > o > -0 > [y

e Generalized Stiefel manifold:

Sts,, (m, ds) == {U € R**™ . U'E,,U =1,}
Sts,, (m, dy) :=={V € R&*™ . VTEny =1L,}

Yoo = X'X + Aola,, Byy = Y'Y + A1,



Metric selection

Left precon ditioni Ng [Yger-Berar-Gasso-Rakotomamonjy'12; Shustin-Aeron’23]

o Metric: gw,v)(&n) := (&1, Hi(U, V)[m]) + (€2, H2(U, V) [n2])

Hi(U,V)[m] := Seemn

H2(U, V)[n2] := Syyn2
~» Can we develop a better metric by our framework?

e Riemannian Hessian: (diagonal blocks)

Hessyf (U, V)] = Ty (11 59 (U5, V) o U sy (12, V)
+U Sym(UTEzyTIZN) ~ Y Sayn2N,
72 sylll(VTXT,uUN) +V synl(i/g ETIUUN)
+ Vsym(U'S],mN) — 2.,/ 25, mN)



A new non-Euclidean metric

Left and right preconditioning

o Metric: gw,v)(&n) := (&1, Hi(U, V)[m]) + (&2, H2(U, V) [n2])

(S

721(U, V)[m] = Emm(sym(U[ZWVN)2 +01,,)*
Ho (U, V)[12] := Byyma(sym (V' 5L UN)” +61,,)

=

Riemannian gradient

- N 1 .
My g = (sym(U' Sy VN)? + 61,,) 2 My 5 := (sym (V' 5] UN)? + 5L,,)

1
2

grad, ... f(U, V) = (£ 0uf(U, V)M, ) — 2.5, US1 M, 3,
S Ovf(U V)M, L — 218, VS, L)
e S; and S»: solutions of Lyapunov equations
sym (M, 81) = sym (Ml_gUTOUf(U, V))

sym (M.»85) = sym (Mg_gVTﬁvf(U, V))



Theoretical properties: improved condition number

Condition number of Hess,f(U*, V*) under different metrics

(U‘)TXWV‘ = ¥* ¥* = diag(oy, ..., on): leading singular values ofx;l/zx,,,,/xyif /2

° Existing metric: g(u,v) (f, 17) = <€1, Emn1> + <52, Eyy772>
= m =1 [shustin-Aeron23]: ky(Hessyf(U*, V*)) = (o1 + 02)/(01 — 02)
- m>1
max {(p1 + p2)(01 +02)/2, p1(01 + om+1)}
min{min; je(m, (1t — 15)(0; = 5) /2, ppmn(om — omt1)}

g (Hessgf (U, V*)) =

e Proposed metric: guew,w,v)(&,1) = (€1, Taam M1 2) + (§2, Byyn2Mo o)

max{ max (2M:Mj)(01+20j)2 ’N1(01-€;0m+1)
i,jE[m],i#j \/Ji I +5+\/oj I +6 \/al+5

Knew (Hessnewf(U*7V*)) =
(ki—pj)(oi—0;)) Hm(Tm—Om+1)

min min
{z‘,jE[ml,i#j VoRuZ+o+ fo2ud+s’ o2 +e }




Numerical validation

Comparison on different Riemannian metrics

gy (§,m) = (€1, Ha (U, V)[m]) + (&2, Ha(U, V)[n2])

RGD/RCG (E): Euclidean metric
RGD/ RCG (U) Left preconditioning on one block

H1 (U, V)[m] := Seam, Ha(U,V)[n2] 1= 12

RGD/ RCG (LZ) Left preconditioning on one block

Hi(U, V)[m] :=m, Ha(U,V)[n2] := Syyn

RGD/RCG (L12)2 Left preconditioning [Shustin-Aeron'23]

ﬁl(U,V) [7)1] = Ezznla ﬁQ(U7 V) [772] = Eyyn2

RGD/ RCG (LR12)1 Left and right preconditioning

H1 (U, V)[m] := Seam M, 2, Ha(U, V)[n2] := Syyma2Mo o



Comparison on different metrics

Errors of function value

e d, =800, dy = 400, n = 30000, m = 5, and N := diag(m, m — 1,...,1)
e X and Y: unit distribution on [0, 1]

~ RGD ; RCG
10°
P
— |
>
5 10°
| =
= RGD(E) ===RCG(E)
——RGD(L1) ——RCG(L1)
~—RGD(L2) ~—RCG(L2)
——RGD(L12) | ——RCG(L12)
——RGD(LR12) ——RCG(LR12)
10710 . — 10710 . . —
0 2000 4000 6000 8000 10000 0 500 1000 1500 2000 2500
#iter Hiter

Average time per iteration

0.08 T

[ (1)
 E— ()

200 400 600 800 1000 200 400 600 800 1000
RGD RCG



Numerical results

Condition numbers

metric ~ method #iter  time (s) gnorm D(U,U")  D(V,V") .,
©  fe  ius 3103 170005  40iean  sseen 210000
W R 200 7ens asweor  28se0e 2790 B0
@ fe a0 sei eooeor  2oaene  2s0e0s 1507
s v
I R e

D(U,U*) := [[UU" — U*(U*)T||2

20



Example: singular value decomposition




Singular value decomposition

Leading p singular values of a matrix

min —tr(UTAVN)
UERWXP,VER"XP
s. t. (U,V) € M :=St(p, m) x St(p, n)

e Ac R™™withm>nandp<n
o N:=diag{u1,...,pup} With ugr >+ > p, >0

Compared (Riemannian) methods
e RGD, RCG (E): Euclidean metric [sato-iwai'13]
e RGD, RCG (R12): new metric with right preconditioning effect

Gnew, U,y (E:1) == (&1, MM o) + (2, m2Mo 0),
for &, n € Tw,vyM, where
M, = (sym(UTAVN)? + 61,)2, M. = (sym(V'ATUN)? + 61,) 2,
and § > 0.

21



Comparison on Euclidean and preconditioned metrics

Errors of function value

e m = 1000, n = 500, p = 10, N := diag(p,p — 1,...,1)
o A=US(VH": X = diag(1, p, p2, ..., pP 1) with p:=1/1.5
RGD _ ‘ ‘ RoG ,
= RGD(E) === RCG(E)

~——RGD(R12) | 100 ~—RCG(R12)
1 00 4

1010
0 2000 4000 6000 8000

#iter

Average time per iteration

<108

200 400 600 800 1000 200 400 600 800 1000 2
RGD RCG



Numerical results

Condition numbers

metric ~ method #iter  time (s) gnorm D(U,U*) D(V,V*) Kg
RGD 7781 11729  9.64e-07  453e-05  4.53e-05

) RCG 478 544 854e-07  2.00e-05 200005 243€+03
RGD 387 341 87207 238e-15 138e-15

(R12) RCG 105 145  7.88e-07  3.26e-07 383e07 00l

D(U,U*) := |[uUT — U*(U*)7 ||
e Condition numbers:
+ +1 153389
r(Hessef(U*, V¥)) = (1 “2)(:*2 ) = ~ 2.43 x 10°,
(bp—1 = pp)(vP72 — 4P~ 1) 63

(Hossnen f(U°, V) = L2 12)C 1)

(1 = p2)(1 =) -

~~  “Numerical” coincides with “theoretical”

23



Example: tensor ring completion




Tensor ring completion

TR-based model

1
i = [[Proj — Proj ;
@ min g IProg ([t - Uslrr) — Proj (A)|l

e My, search space via TR decomposition

MM — erxnlxrg x Rrgxngxr;; NI erxndxrl

@ -
izl 2B

X (i1, - iq) =tr (Us(i1)  Uz(i2) Uq(iq))

matricization
(U, ..., Uy € My Wi = (Ur)(2) M3S (Wy,...,Wy)
RT‘1X7L1XT2 N XerXndXTl m RnIXTITQ N X]Rndxrdrl

tensorization

2%



Preconditioned metric

Preconditioned metric via approximation of diagonal blocks
— d — —
g (€77) i= > tr (EA(W)[m]) for €77 € Tyg M,
k=1
where

Hi (W) [me] = i (W%W;’k + 51u~+m~> ~ 0 fo (W)
N——

Shifting

Riemannian gradient

gradf(W) = (A, (W)ma), ..., ' (W) )

25



Numerical experiments

Running Platform

Personal computer with an Intel Core 19 CPU @ 2.4GHzx8 and 32GB of RAM
Matlab R2020b under MacOS Ventura 131
Code is publicly available from https://github.com/JimmyPeng1998

Test methods

TR-RGD: Preconditioned Riemannian gradient descent 7r

TR-RCG: Preconditioned Riemannian CG 7r

TR-GD: Euclidean gradient descent 7r [zhao-Sugiyama-Yuan-Cichocki'19]

TR-ALS: Alterating least squares Tr [Wang-Aggarwal-Aeron"7]

TT-RCG: Riemannian conjugate gradient 77 [Steinlechner'1s]

CP-WOPT: limited memory BFGS cP [Acar-Dunlavy-Kolda-Mgrup'11]

GeomCG: Riemannian conjugate gradient Tucker [Kressner-Steinlechner-Vandereycken'14]

HaLRTC: High accuracy low rank tensor completion nuclear-norm-based
[Liu-Musialski-Wonka-Ye'13]

26


https://github.com/JimmyPeng1998

Movie ratings

MOVieLenS ™ dataset https://grouplens.org/datasets/movielens/1m/
e 6040 users, 3952 movies, 150 periods, 1M ratings
o |Q=8x10°%|I|=2x10° A=1and p=2.23 x 1074
e Testerrors. Left: r = (6,6, 6); right: r = (6, 10, 3)

35 3.5 g
——TR-RGD (RBB) K ——TR-RGD (RBB)
i ——TR-RGD (exact) ——TR-RGD (exact)
3 —+—TR-GD 3 —+TR-GD
——TR-RCG ——TR-RCG
—+—TR-ALS ——TR-ALS
25 TrRce 25
_ P-WOPT _
5 2 -4+ geomCG S 2 -4 geomCG
53 5]
g g
215 215
1 LI N S
0.5 0.5
0 0
0 100 200 300 400 500 0 100 200 300 400 500
Time (s) Time (s)

27


https://grouplens.org/datasets/movielens/1m/

Reconstruction of hyperspectral images

TR-RCG ~ TR-RGD TR-ALS HalLRTC ~ TT-RCG  CP-WOPT geom(G

40.4171dB

39.9008dB




Interpolation of high-dimensional function

Function-related tensor completion

e A: function-related tensor
ihi—1 dp—1 id—l)

A(ir, ia, ... iq) = h ,
(i1, 82 i) (nl—l ng — 1 ng — 1
L] d=4,n1=n2=n3=n4=20,‘r|=100

Test errors for high-dimensional functions

exp(—|lx[l) /11l
TR-RGD TR-RCG TR-ALS TT-RCG TR-RGD TR-RCG TR-ALS TT-RCG

0.001  8.0884e-2  7.4157e-2  7.4161e-2  1.3445e-1  17531e-1  1.8106e-1  1.808le-1  2.6876e-1
0.005  7.3505e-3  8.7366e-3  9.2121e-3  1.5904e-2  3.4428e-2  29218e-2  3.2090e-2  1.289%-1
0.01 6.2650e-3  9.7247e-4  1.8737e-3  41233e-3  25230e-2  1.7676e-2  1.8697e-2  3.4675e-2
0.05 3.8862e-4  15019e-4  1.8218e-4  2.2991e-4  3.8510e-3  3.6002e-3  52173e-3  3.5697e-3
0.1 12251e-4  59871e-5 6.8898e-5 82512e-5 7.7886e-4  29423e-4  6.0423e-4  7.4727e-4

29



Conclusion and perspectives

Take-home notes
e Preconditioned metric on product manifold

e Applications in
- canonical correlation analysis
- singular value decomposition
- tensor ring completion [G.-Peng-Yuan'24]
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Thanks for your attention!

Email: gaobin@lsec.cc.ac.cn
Homepage: https://www.gaobin.cc
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