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���������ååå`̀̀zzz¯̄̄KKK

������///ªªª
min

X∈Rn×p
f(X)

s. t. X>X = Ip (p� n)
(1.1)

• f : Rn×p 7−→ R, ëY��
• p(p+ 1)/2 ��å

• Stiefel 6/:

Sn,p = {X ∈ Rn×p | X>X = Ip}

JJJ:::ÚÚÚ]]]ÔÔÔ

– �à�å

– NP-J� (AÏ� f)

– �±�1 (��z)

– �{�¿1�*Ð5

f(x, y, z) = x2 + 5y2 − 3z2 + 5x
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���������ååå`̀̀zzz���AAA^̂̂

• ������ p ���AAA������/ÛÛÛÉÉÉ���OOO��� [Liu, Wen, Yang, Zhang 2013-2016]

min
X∈Rn×p

tr(X>AX)

s. t. X>X = Ip

min
U∈Rm×p

tr(U>AA>U)

s. t. U>U = Ip

• ÌÌÌ¤¤¤©©©©©©ÛÛÛ [Oja 2001; Jiang-Ma-So-Zhang 2017]

◦ ��ê: n, ���m: Rm

◦ *ÿÝ
: A ∈ Rn×m

◦ ü�: m −→ p

min
X∈Rn×p

− 1
m tr

(
X>(A− Ā)(A− Ā)>X

)
s. t. X>X = Ip

Ù¥ Ā = 1
m

∑m
i=1Ai1

>
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���������ååå`̀̀zzz���AAA^̂̂ (YYY)

• Bose-Einsteinvvvààà [Griffin-Snoke-Stringari 1996; Hu-Jiang-Liu-Wen 2015]

min
φ∈S

E(φ) lÑ�.−−−−−−→ min
x∈Rn

f(x) := 1
2x
>Ax+ β

2

n∑
i=1

x4
i

s. t. ‖x‖2 = 1

• >>>fff(((���OOO��� [Liu, Yang, Wang, Wen 2006-2015; Chen, Dai, Gao, Zhou]

• CCC©©©¯̄̄KKK���ØØØ   ���... [Ozoliņš-Lai-Caflisch-Osher 2013]

• $$$������'''ÝÝÝ


 [Pietersz-Groenen 2004; Grubǐsić-Pietersz 2007]

• éééÜÜÜééé���zzz¯̄̄KKK [Theis-Cason-Absil 2009]

• . . .
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♣ 666///`̀̀zzz���{{{
◦ ��eü{: [Helmke-Moore 1994; Udriste 1994]

◦ �ÝFÝ{: [Smith 1994; Edelman-Arias-Smith 1998; Brace-Manton 2006; Gallivan-Absil 2010]

◦ Úî{: [Smith 1994; Edelman-Arias-Smith 1998; Hu-Wen-Milzarek-Yuan 2017]

◦ [Úî{: [Edelman-Arias-Smith 1998; Brace-Manton 2006; Huang-Gallivan-Absil 2010, 2015]

◦ &6�{: [Absil-Baker-Gallivan 2007]

◦ ÿ/��{: [Abrudan-Eriksson-Koivunen 2008]

◦ [ÿ/�, CayleyC�: [Nishimori-Akaho 2005]

♣ ������mmm|||¢¢¢
◦ ��ÝK{: [Manton 2002; Absil-Mahony-Sepulchre 2008]

◦ ��å�{: [Wen-Yin 2012; Jiang-Dai 2014]

♣ ÙÙÙ¦¦¦���'''ïïïÄÄÄ
◦ ©��{, ADMM Ú�C:�{: [Lai-Osher 2014; Chen-Ji-You 2016; Zhu-Zhang-Chu-Liao 2017;

Chen-Ma-So-Zhang 2018; Chen-Ma-Xue-Zou 2019]

◦ ÃI�þ$Ñ�SVRG: [Liu-So-Wu 2015; Jiang-Ma-So-Zhang 2017]

♣ Absil-Mahony-Sepulchre, Optimization algorithms on matrix manifolds, Princeton

University Press, 2008
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iiiùùù666///`̀̀zzz
min

X∈Sn,p
f(X)

• iùÝþ: 〈Z1, Z2〉ρ = tr(Z>1 (I − (1− 1
ρ

)XX>)Z2)

• ��m:

TXSn,p = {Z ∈ Rn×p : X>Z + Z>X = 0}

= {XW +X⊥K : W> +W = 0,W ∈ Rp×p,K ∈ R(n−p)×p}
= {AX : A> +A = 0, A ∈ Rn×n}

• 6/FÝ:

gradρf(X) = (I −XX>)∇f(X) + ρ ·Xskew(X>∇f(X)) = 0

• ���`5^�: gradρ f(X) = 0

∥∥∇f(X)−XX>∇f(X)
∥∥2

F
+ ρ2

∥∥X>∇f(X)−∇f(X)>X
∥∥2

F
= 0
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ïïïÄÄÄÄÄÄÅÅÅ (YYY)

îîîªªª���mmm���ååå`̀̀zzz

min
X∈Rn×p

f(X), s. t. X>X = Ip

• îªÝþ: 〈Z1, Z2〉ρ = tr(Z>1 Z2)

• ���`5^�:


(In −XX>)∇f(X) = 0; (g½5)

X>∇f(X) = ∇f(X)>X; (é¡5)

X>X = Ip (�15)

6/`z îª�m�å`z
6/O� X -
eü�� TXSn,p Rn×p
��z Â  (Ý
©)/�5�§|) �1/Ø�1�{
N\�å - X

¿1�*Ð5 - X
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ÌÌÌ���óóó��� (���zzz)

• XÚ/ïÄ
���å`z¯K
◦ Stiefel6/`zÚ���å`z���`5^��éA'X
◦ Lagrange¦f3��½:?äkwªL�ª

• JÑ
�a�Â �{µe
◦ FÝ��{ÚFÝÝK{ (GR, GP)
◦ ±��¬�¬�Ieü�{ (CBCD)

• ò¦f��Úí2����Stiefel6/Â a�{

• JÑ
ÄuO2 Lagrange¼ê�¿1�{
◦ �C:�5z�{ (PLAM)
◦ �¿1�4�z�{ (PCAL)

• >f(�O�¥�A^
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���{{{���OOOggg´́́

¯̄̄KKKbbb���

min
X∈Rn×p

f(X) := h(X) + tr(G>X)

s. t. X>X = Ip
(2.1)

Ù¥ h(X) ÷v

• ��ØC5: h(XQ) = h(X), ∀Q ∈ Sp,p
• ∇h(X) = H(X)X, � H : Rn×p 7→ SRn×n

���������`̀̀555^̂̂���

g½5 é¡5 �15∥∥∇f(X)−XX>∇f(X)
∥∥2
F

∥∥X>∇f(X)−∇f(X)>X
∥∥2
F

X>X = Ip

↓ ‖
0 0 �
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üüü���ããã���111���{{{

ÚÚÚ���: ¼¼¼êêê���¿¿¿©©©eeeüüü Xk −→ X̄

Äu�c: Xk ∈ Sn,p, |¢�1: X̄ ¦Ù÷v

f(Xk)− f(X̄) ≥ C1 ·
∥∥∥(I −XkXk>)∇f(Xk)

∥∥∥2
F

——————————————————————————————————
ÚÚÚ���: ¦¦¦fffééé¡¡¡������ X̄ −→ Xk+1

Äu¥m: X̄ ∈ Sn,p, |¢�1: Xk+1 ¦Ù÷v

Xk+1>∇f(Xk+1) = ∇f(Xk+1)>Xk+1

• 5¿� X̄>∇f(X̄) = X̄>H(X̄)X̄ + X̄>G, ��I X̄>G é¡

1) p× p ÛÉ�©): UΣT> = X̄>G

2) Xk+1 = −X̄UT>

f(X̄)− f(Xk+1) ≥ min

{
1

8θ
, 1

}
·
∥∥X̄>∇f(X̄)−∇f(X̄)>X̄

∥∥2

F

,AAAÏÏÏ���¹¹¹ÃÃÃIII������
– G = 0 ½ p = 1
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_ ¦¦¦fff���������{{{

1 Ð©z: ε > 0, X0 ∈ Sn,p, - k := 0;

2 |¢�1: X̄, ¦Ù÷v¼ê�eü^�

f(Xk)− f(X̄) ≥ C1 ·
∥∥∥(I −XkXk>)∇f(Xk)

∥∥∥2

F
;

3 O�¦f��Ú, ��

Xk+1 :=

{
X̄, if X̄>G = G>X̄;

−X̄UT>, ÄK

Ù¥ UΣT> ´ X̄>G �ÛÉ�©);

4 e
∥∥∥(I −XkXk>)∇f(Xk)

∥∥∥2

F
< ε, �£ Xk+1; ÄK,

- k := k + 1 ¿�£Ú 2.
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ÚÚÚ���: FFFÝÝÝaaa���{{{

éu?¿� Y ∈ B(X − τ∇f(X), τ ||∇f(X)||F), eª¤á

f(X)− f(Y ) ≥ 1− ρτ
2τ

· ||X − Y ||2F, τ ∈ (0, ρ−1)

2.3 Gradient Type Method

An intuitive idea to reduce the function value in the Euclidean space is to take the gradient descent direction. Unfor-
tunately, a gradient step must violate the orthogonal constraint. Therefore, in this section we discuss two strategies to
pull the gradient step back to the Stiefel manifold.

Both of the two strategies are based on the following observation.

Lemma 2.4. Suppose Assumption 1.1 holds. For any Y ∈ BX := B(X − τ∇f(X), τ ||∇f(X)||F), where τ ∈
(0, ρ−1), it holds that

f(X)− f(Y ) ≥ 1− ρτ
2τ

· ||X − Y ||2F. (18)

Proof. For any Y ∈ BX , we can derive

〈Y −X,Y −X + 2τ∇f(X)〉 ≤ 0,

which implies

f(Y ) ≤ f(X) + 〈Y −X,∇f(X)〉+
ρ

2
||Y −X||2F

= f(X) +
1

2τ
· 〈Y −X,Y −X + 2τ∇f(X)〉 − τ−1 − ρ

2
· ||Y −X||2F

≤ f(X)− τ−1 − ρ
2

· ||Y −X||2F.

This completes the proof.

We illustrate the relationship among the feasible region, current iterate, gradient step and the auxiliary ball BX by
the following figure which shows the special case n = 2, p = 1.
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BX,τ

2.3.1 Gradient Reflection

The first possibly feasible trial step can take the point which is the farthest away from the current iterate Xk in the
intersection of the Stiefel manifold and the auxiliary ball. This point can actually calculated by the Householder

9

S2,1 

.
.

.
.

X − τ∇f(X)

 − τ∇f(X)

X 
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FFFÝÝÝ������{{{ (GR)

♣ HouseholderCCC���

V = Xk − τ∇f(Xk),
X̄ = (−I + 2V (V >V )†V >)Xk

Ù¥ C† L«�_

2.3 Gradient Type Method

An intuitive idea to reduce the function value in the Euclidean space is to take the gradient descent direction. Unfor-
tunately, a gradient step must violate the orthogonal constraint. Therefore, in this section we discuss two strategies to
pull the gradient step back to the Stiefel manifold.

Both of the two strategies are based on the following observation.

Lemma 2.4. Suppose Assumption 1.1 holds. For any Y ∈ BX := B(X − τ∇f(X), τ ||∇f(X)||F), where τ ∈
(0, ρ−1), it holds that

f(X)− f(Y ) ≥ 1− ρτ
2τ

· ||X − Y ||2F. (18)

Proof. For any Y ∈ BX , we can derive

〈Y −X,Y −X + 2τ∇f(X)〉 ≤ 0,

which implies

f(Y ) ≤ f(X) + 〈Y −X,∇f(X)〉+
ρ

2
||Y −X||2F

= f(X) +
1

2τ
· 〈Y −X,Y −X + 2τ∇f(X)〉 − τ−1 − ρ

2
· ||Y −X||2F

≤ f(X)− τ−1 − ρ
2

· ||Y −X||2F.

This completes the proof.

We illustrate the relationship among the feasible region, current iterate, gradient step and the auxiliary ball BX by
the following figure which shows the special case n = 2, p = 1.
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2.3.1 Gradient Reflection

The first possibly feasible trial step can take the point which is the farthest away from the current iterate Xk in the
intersection of the Stiefel manifold and the auxiliary ball. This point can actually calculated by the Householder

9

S2,1 

.
.

.
.

X − τ∇f(X)

 − τ∇f(X)

X 

555���

• ��5÷v: X̄>X̄ = Ip

• ¿©eü5:

f(Xk)− f(X̄) ≥ 2(τ−1 − ρ)

(τ−1 + ρ+ θ)2
·
∥∥∥(I −XkXk>)∇f(Xk)

∥∥∥2

F
,

Ù¥ τ ∈ (0, ρ−1)
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FFFÝÝÝÝÝÝKKK{{{ (GP)

♣ ������ÝÝÝKKK

V = Xk − τ∇f(Xk),
X̄ = PSn,p(V )

Ù¥ PSn,p(C) = UV >,
� C = UΣV > �ÛÉ�©)

2.3 Gradient Type Method

An intuitive idea to reduce the function value in the Euclidean space is to take the gradient descent direction. Unfor-
tunately, a gradient step must violate the orthogonal constraint. Therefore, in this section we discuss two strategies to
pull the gradient step back to the Stiefel manifold.

Both of the two strategies are based on the following observation.

Lemma 2.4. Suppose Assumption 1.1 holds. For any Y ∈ BX := B(X − τ∇f(X), τ ||∇f(X)||F), where τ ∈
(0, ρ−1), it holds that

f(X)− f(Y ) ≥ 1− ρτ
2τ

· ||X − Y ||2F. (18)

Proof. For any Y ∈ BX , we can derive

〈Y −X,Y −X + 2τ∇f(X)〉 ≤ 0,

which implies

f(Y ) ≤ f(X) + 〈Y −X,∇f(X)〉+
ρ

2
||Y −X||2F

= f(X) +
1

2τ
· 〈Y −X,Y −X + 2τ∇f(X)〉 − τ−1 − ρ

2
· ||Y −X||2F

≤ f(X)− τ−1 − ρ
2

· ||Y −X||2F.

This completes the proof.

We illustrate the relationship among the feasible region, current iterate, gradient step and the auxiliary ball BX by
the following figure which shows the special case n = 2, p = 1.
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555���

• ��5÷v: X̄>X̄ = Ip

• ¿©eü5:

f(Xk)− f(X̄) ≥ τ−1 − ρ
(τ−1 + ρ+ θ)2

·
∥∥∥(I −XkXk>)∇f(Xk)

∥∥∥2

F
,

Ù¥ τ ∈ (0, ρ−1)
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ÚÚÚ���: ¬¬¬���IIIeeeüüü{{{ (CBCD)

♣ ±±±������¬¬¬���¬¬¬���IIIeeeüüü{{{: fi,X(x) := f(X1, . . . , Xi−1, x,Xi, . . . , Xp)

min
x∈Rn

fi,X(x)

s. t. ‖x‖2 = 1,
X>
ī
x = 0

• f¯K�°(¦):

fi,W i−1(Xi)− fi,W i−1(x+) ≥ k1

∥∥Xi − x+
∥∥2

2
,∥∥Xi − x+

∥∥
2
≥ k2

∥∥∥(I −W i−1W i−1>)∇fi,W i−1(Xi)
∥∥∥

2

• ¿©eü5:

f(X)− f(X̄) ≥ C2 ·
∥∥(I −XX>)∇f(X)

∥∥2

F
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���ÛÛÛÂÂÂñññ555

¼¼¼êêê���¿¿¿©©©eeeüüü

f(Xk)− f(X̄) ≥ C1 ·
∥∥∥(I −XkXk>)∇f(Xk)

∥∥∥2

F

¦¦¦fff������ÚÚÚ

f(X̄)− f(Xk+1) ≥ min

{
1

8θ
, 1

}
·
∥∥X̄>∇f(X̄)−∇f(X̄)>X̄

∥∥2

F

½n 2.1

- {Xk} ´d¦f���{lÐ©: X0 ∈ Sn,p )¤�S�:�. K {Xk} �
3��Âñf�, ¿�:� {Xk} �z��à: X∗ Ñ÷v¯K (2.1)����
`5^�.
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OOO���þþþ'''���

�#üÑ
O�þ

Äg τ E τ

ÿ/�a�{

Rgeoe
X [Abrudan-Eriksson-Koivunen 2008] O(n3) O(n3)
Rqgeo
X [Nishimori-Akaho 2005] O(n3) O(n3)
Rgeoe
X [Edelman-Arias-Smith 1998] 10np2 + 2np+O(p3) 4np2 +O(p3)
Rwy
X [Wen-Yin 2012] 7np2 + 2np+O(p3) 4np2 + np+O(p3)

ÝKa�{

Rqr
X [Absil-Mahony-Sepulchre 2008] 6np2 + 3np+O(p3) 2np2 + 2np

Rpd
X [Absil-Mahony-Sepulchre 2008] 7np2 + 4np+O(p3) 2np2 + 2np+O(p3)

Rpj
X [Manton 2002] 7np2 + 4np+O(p3) 3np2 + 3np+O(p3)

Rjd
X [Jiang-Dai 2014] 7np2 + 3np+O(p3) 2np2 + 3np+O(p3)

·���{

GR 9np2 + 4np+O(p3)
GP 7np2 + 3np+O(p3)

CBCD-GR 4np2 + 8np+O(p3)
CBCD-GP 4np2 + 5np+O(p3)
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ÿÿÿÁÁÁ¯̄̄KKK

min
X∈Rn×p

1
2 tr(X

>AX) + tr(G>X)

s. t. X>X = I

A := UΛU>, G := α ·QD

ÿÿÿÁÁÁ���{{{

– MOptQR: QRÂ 6/�{+ BBÚ�
(http://www.manopt.org)

– OptM: [Wen-Yin 2012] (BBÚ�)
(https://github.com/wenstone/OptM)

– GR-BB: FÝ��{+ BB step size
(https://github.com/opt-gaobin/FOForth)

– CBCD-C: ±��¬�¬�Ieü{
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ÚÚÚ���ÀÀÀ���

BB ÚÚÚ��� [Barzilai-Borwein 1988]

Jk−1 = Xk −Xk−1

Wk−1 = (I −Xk−1Xk−1>)∇f(Xk−1)

Kk−1 = Wk −Wk−1

τBB1 :=

〈
Jk−1, Jk−1

〉
|〈Jk−1,Kk−1〉| , τBB2 :=

∣∣〈Jk−1,Kk−1
〉∣∣

〈Kk−1,Kk−1〉

ggg···AAAÚÚÚ��� [Liu-Han-Guo 2019]

���OOO BB ÚÚÚ��� (ABB) [Dai-Fletcher 2005]

τ :=

{
τBB1, � k ´óê;
τBB2, � k ´Ûê

22 / 66



nnnÜÜÜ555UUU'''���
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(a) CPU�m
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Performance profile of 2916 problems on iteration number
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(b) oS�ê

CBCD-C OptM GR-BB MOptQR

KKT��Ý 1.6075e-05 2.1730e-05 1.9501e-05 2.5072e-05

�15��Ý 1.9172e-14 1.5276e-14 1.9350e-14 2.1006e-15

�é¼ê� 6.5780e-06 8.1754e-06 3.0417e-06 7.9584e-06

– �é¼ê�: zm,s :=
∣∣∣Fm,s−mins{Fm,s}

1+|mins{Fm,s}|

∣∣∣ (¦)ì s ¦)¯K m)
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3. fff���mmm\\\������ÂÂÂ   aaa���{{{
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¦¦¦fff������ÚÚÚ

¯̄̄KKKbbb���

min
X∈Rn×p

f(X) := h(X) + tr(G>X)

s. t. X>X = Ip
(3.1)

Ù¥ h(X) ÷v

• ��ØC5: h(XQ) = h(X), ∀Q ∈ Sp,p
• ∇h(X) = H(X)X, � H : Rn×p 7→ SRn×n

¦¦¦fff������ÚÚÚ: Xk+1>∇f(Xk+1) = ∇f(Xk+1)>Xk+1

Xk+1 :=

{
X̄, if X̄>G = G>X̄;

−X̄UT>, ÄK

Ù¥ UΣT> ´ X̄>G �ÛÉ�©)

f(X̄)− f(Xk+1) ≥ min

{
1

8θ
, 1

}
·
∥∥X̄>∇f(X̄)−∇f(X̄)>X̄

∥∥2

F
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fff���mmm`̀̀zzz

♣ ¦¦¦fff������ÚÚÚ÷÷÷vvv

Q∗ := arg min
Q∈Sp,p

f(X̄Q) =⇒ Xk+1 = X̄Q∗

♣ fff���mmm`̀̀zzz: X̄ ∈ Sn,p

min
X∈Rn×p

f(X)

s.t. X ∈ DX̄

Ù¥ DX̄ :=
{
X̄Q : Q ∈ Sp,p

}
⊂ Sn,p ´ X̄ ���ØCf�m.

, wwwªªª)))
Xk+1 = −X̄UT>

♣ \\\������{{{

Xk eü�ã: ?¿�1eü�{−−−−−−−−−−−−−−−−−→ X̄
\��ã−−−−−→ Xk+1

26 / 66



\\\������{{{µµµeee

_ fff���mmm\\\������ÂÂÂ   aaa���|||¢¢¢���{{{

1 Ð©z: �½ Stiefel6/ Sn,p þ�Â N� R, ~
ê ᾱ > 0, c, β, σ ∈ (0, 1); X0 ∈ Sn,p, - k := 0;

2 (¼ê�eü�ã)
À�|¢�� Dk ∈ TXkSn,p, ¦^Â a�{¦)¯K, �
� X̄ ∈ Sn,p;

3 (\��ã)
Äu X̄, df�m¯K�)O��1: Xk+1, �Ò´

Xk+1 = −X̄UT>

Ù¥ UΣT> ´ X̄>G �ÛÉ�©);

4 eÊÅOK÷v, K�£ Xk+1; ÄK, - k := k + 1 ¿�£Ú 2.
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���ÛÛÛÂÂÂñññ555

½n 3.1

- {Xk} ´df�m\��Â a�|¢�{lÐ©: X0 ∈ Sn,p )¤�S�
:�. K {Xk} �3��Âñf�, ¿�:� {Xk} �z��à: X∗ Ñ÷v¯
K (3.1)����`5^�.

ÛÛÛÜÜÜ���555ÂÂÂñññ���ÝÝÝ [Absil-Mahony-Sepulchre 2008]

– ÛÜ4��:

– eü��: Dk = −grad f(Xk)

– Armijo�|¢
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ÿÿÿÁÁÁ¯̄̄KKK

min
X∈Rn×p

1
2 tr(X

>AX) + tr(G>X)

s. t. X>X = I

A := UΛU>, G := α ·QD

ÿÿÿÁÁÁ���{{{

– MOptPJ: SVDÂ 6/�{+ BBÚ�
(http://www.manopt.org)

– MOptPJ-C: f�m\��MOptPJ

– MOptQR: QRÂ 6/�{+ BBÚ�
(http://www.manopt.org)

– MOptQR-C: f�m\��MOptQR

– GR-BB: FÝ��{+ BB step size
(https://github.com/opt-gaobin/FOForth)
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(a) ¯Këê: ξ = 0

20 40 60 80 100 120 140
iteration

10-8

10-6

10-4

10-2

100

102

K
K

T 
vi

ol
at

io
n

n=3000,p=60

GR-BB
ManPJ-BB
ManPJ-BB-C
ManQR-BB
ManQR-BB-C

(b) ¯Këê: ξ = 0.5

• \��Âñ�Ý�¯
• SVDÚQR©)���Ó�f�m span

{
X̄
}
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Czëê ÿÁ�{ ¼ê� KKT ��Ý oS�ê CPU �m(s)

p = 120

GR-BB -25.5806718521 2.04e-08 31 1.80
ManPJ-BB -25.5806718521 3.51e-08 149 5.76
ManPJ-BB-C -25.5806718521 3.60e-08 104 5.24
ManQR-BB -25.5806718521 3.45e-08 158 6.22
ManQR-BB-C -25.5806718521 3.60e-08 104 5.18

ζ = 1.1

GR-BB -10.9204582842 1.19e-08 32 0.98
ManPJ-BB -10.9204582842 2.33e-08 278 5.91
ManPJ-BB-C -10.9204582842 2.27e-08 157 4.07
ManQR-BB -10.9204582842 2.34e-08 229 4.82
ManQR-BB-C -10.9204582842 2.24e-08 156 4.00

ξ = 0.5

GR-BB -23.3612295898 3.33e-08 98 2.89
ManPJ-BB -23.3612295898 3.46e-08 154 3.27
ManPJ-BB-C -23.3612295898 1.64e-08 99 2.53
ManQR-BB -23.3612295898 1.57e-08 148 3.06
ManQR-BB-C -23.3612295898 1.64e-08 99 2.57

• \��S�ÚêwÍ~�
• CPU$1�m~�
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♣ ¼¼¼êêê/FFFÝÝÝ&&&EEEOOO���
— >f(�O�

L —lÑ�.Ê.d�f

Vion —$��5�f

O��
E,Ý

G1 ¿1 (m Ø)

tr(X>LX)

O(np) O(np/m)
tr(X>VionX)∑
i

∑
l |x>i wl|2

e>εxc(ρ)

L†ρ
O(n) O(n/m)

O(n logn) O(n logn/m)

♣ ÄÄÄ:::���555���êêêööö��� (BLAS)

O��
E,Ý

G1 ¿1 (m Ø)

Y1 + Y2 O(np) O(np/m)
tr(Y >1 Y2)

Y >1 Y2 O(np2) O(np2/m)

��z O(np2) +O(p3) —

/ ´́́¶¶¶: ��zL§�$�*Ð5
33 / 66



ØØØ���111���{{{

Courantvvv¼¼¼êêê −→ OOO222 Lagrange¼¼¼êêê

• �gv¼êØ·^u��8I¼ê [Wen-Yang-Liu-Zhang 2016]

• O2 Lagrange ¼ê{ [Powell 1969; Hestenes 1969]

Lβ(X,Λ) = f(X)− 1

2
〈Λ, X>X − Ip〉+

β

4

∥∥X>X − Ip∥∥2

F

_ OOO222 Lagrange ¼¼¼êêê{{{

1 �½ Xk, Λk;

2 �#�©Cþ X:

Xk+1 := arg min
X∈Rn×p

Lβ(X,Λk)

3 �#éóCþ Λ (Lagrange ¦f):

Λk+1 := Λk − β(Xk+1>Xk+1 − I)

4 �#vëê β.
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���������`̀̀555^̂̂���


∇f(X)−XΛ = 0; (g½5)

Λ = Λ>; (é¡5)

X>X = Ip (�15)

íØ 4.1

b� X ´���å`z¯K���½:, d����åéA� Lagrange ¦
f÷v

Λ = X>∇f(X) = ∇f(X)>X.

♣ ¦¦¦fffwwwªªª���###���ªªª

Λk := Ψ(∇f(Xk)>Xk)

Ù¥ Ψ : Rn×n 7→ SRn×n �é¡z�f Ψ(A) := 1
2 (A+A>)
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¦¦¦fffwwwªªª���###���OOO222 Lagrange ¼¼¼êêê{{{

_ ¦¦¦fffwwwªªª���###���OOO222 Lagrange ¼¼¼êêê{{{

1 Ð©z: X0 ∈ Rn×p, - k := 0;

2 �#éóCþ Λ (Lagrange ¦f):

Λk := Ψ(∇f(Xk)>Xk);

3 �#�©Cþ X:

Xk+1 := arg min
X∈Rn×p

Lβ(X,Λk)

4 eÊÅOK÷v, K�£ Xk+1; ÄK, - k := k + 1 ¿�£Ú 2.
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Ún 4.1

éu?¿÷v σmin(X∗) > 0 � X∗, b� β >
‖∇f(X∗)‖2·‖X∗‖2+δ

σ2
min(X∗)

, Ù¥ δ > 0.

Keª¤á ∥∥∥X∗>X∗ − Ip∥∥∥
F
≤ ‖X

∗‖2
δ
· ‖∇XLβ(X∗,Λ∗)‖F ,

Ù¥ Λ∗ = Ψ(∇f(X∗)>X∗). AO�, XJ X∗ �´Xe¯K

min
X∈Rn×p

Lβ(X,Λ∗)

���½:, Ù¥ Λ∗ = Ψ(∇f(X∗)>X∗), K X∗ �´�¯K���½:.

• °(v¼ê
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fff¯̄̄KKK¦¦¦)))

min
X∈Rn×p

Lβ(X,Λk)
Cq�.−−−−−−−→ min

X∈Rn×p
mk(X)

♣ ���CCC:::���555zzz%%%CCC — ���¿¿¿111üüüÑÑÑ

mk,1(X) :=
〈
∇XLβ(Xk,Λk), X −Xk

〉
+
ηk
2

∥∥X −Xk
∥∥2

F

, wwwªªª)))
Xk+1 := arg min

X∈Rn×p
mk,1(X)

äN5ù,

Xk+1 = Xk − 1

ηk
∇XLβ(Xk,Λk)

• 1/ηk ��©Cþ�#Ú�
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���CCC:::���555zzzOOO222 Lagrange ���{{{ (PLAM)

_ PLAM

1 Ð©z: X0 ∈ Rn×p, - k := 0;

2 �#éóCþ Λ (Lagrange ¦f):

Λk := Ψ(∇f(Xk)>Xk);

3 (�¿1) �#�©Cþ X:

Xk+1 := arg min
X∈Rn×p

mk,1(X)

= Xk − 1

ηk
∇XLβ(Xk,Λk);

4 eÊÅOK÷v, K�£ Xk+1; ÄK, - k := k + 1 ¿�£Ú 2.
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nnnØØØ©©©ÛÛÛ — bbb���

ÐÐÐ©©©:::bbb���

b� 4.1

éu�½� X0, XJ�3 σ ∈ (0, 1) ¦�

σmin(X0) ≥ σ, 0 <
∥∥∥X0>X0 − Ip

∥∥∥
F
≤ 1− σ2,

K·�¡Ù���Ü��Ð©�.

X0 ���±±±éééNNN´́́������

(i) X0 = QΣ, Ù¥ Q ∈ Sn,p, Σ = diag(1, ..., 1︸ ︷︷ ︸
p−1

,
√

1− σ2)

(ii) X0 /∈ Sn,p ÷v σ2
min(X0) > 1− 1√

p �σ
2
max(X0) < 1 + 1√

p
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PPPÒÒÒ

R =
∥∥∥X0>X0 − Ip

∥∥∥
F

; C = {X |
∥∥X>X − Ip∥∥F

≤ R}; f = min
X∈C

f(X);

M = max
X∈C
||X||2; N = max

X∈C
‖∇f(X)‖F ; L = max

X∈C

∥∥∇2f(X)
∥∥

2

µµµddd¼¼¼êêê

h(X) = f(X)− 1

2

〈
Ψ(∇f(X)>X), X>X − Ip

〉
+
β

4

∥∥X>X − Ip∥∥2

F

• f �gëY��
• ∇f(X) 3;8 C þ Lipschitz ëY

• �3~ê Lh > 0, � β k', ¦�

‖∇h(X)−∇h(y)‖F ≤ Lh ‖X − Y ‖F , ∀X,Y ∈ C
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ëëëêêêbbb���

b� 4.2

c1 ∈
(

0,
1

2

)
; β > max

{
MN

σ2
+

√
M2N2

σ4
+

(N + LM)2

4σ2(1− 2c1)
,
MN

σ
,

4MN

σ2

}
;

c2 ∈
(

0,
R2(βσ2 − 4MN)

2N2
L

]
; ηk ∈

[
η, η̄
]
,

Ù¥ η = max

{
Lh
2c1

,
2NLM +NL

√
4M2 + 2R

R
,
R+ 2M2

c2

}
,

NL = (1 +M2)N + βRM, η̄ ≥ η.
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���ÛÛÛÂÂÂñññ555

½n 4.1

- {Xk} ´d�{ PLAM lÐ©: X0 )¤�S�:�, Ù¥Ð©: X0 ÷v
b� 4.1 ¿�¯K�ëê÷vb� 4.2. KS� {Xk} ��k��à:, �?¿
à:Ñ´����å`z¯K���½:. ?�Ú, éu?¿� K > 1, eª
¤á,

min
k=0,...,K−1

∥∥∇XLβ(Xk,Λk)
∥∥

F
<

√
f(X0)− f +MNR+ βR2/4

c3K
.

• g�5Âñ�Ý
• I� O(1/ε2) gS�¦�

max
{∥∥∇XLβ(Xk,Λk)

∥∥
F
,
∥∥∥Xk>Xk − I

∥∥∥
F

}
< ε
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½n 4.2

b� X∗ ´����å`z¯K����áÛÜ4��:, Ó�·�P

τ := inf
0 6=Y ∈TXSn,p

tr(Y >∇2f(X)[Y ]− ΛY >Y )

||Y ||2F
.

�{�ëê÷v β ≥ L+MN+τ
2 Ú ηk ∈ [η, η̄], Ù¥ η̄ ≥ η ≥ L+MN + 2β. K

�3 ε > 0 ¦�, �{ PLAM l?¿÷v ||X0 −X∗||F < ε �Ð©: X0 Ñu
)¤�S�:� {Xk}, ± Q-�5�ÝÂñ� X∗.
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UUU???��� PLAM

PLAM ���ÛÛÛ���

– ê�Lyéëê βk Ú ηk �~¯a

– �� βk → ØÂñ
– �� βk I���� ηk → ÂñCú

♣ UUU???üüüÑÑÑ: OOO\\\PPP{{{üüü   ¥¥¥���ååå

min
X∈Rn×p

L̃β(X) :=
〈
∇XLβ(Xk,Λk), X −Xk

〉
+
ηk
2

∥∥X −Xk
∥∥2

F

s. t. ‖Xi‖ = 1, i = 1, . . . , p

���AAA���¦¦¦fffwwwªªª���###

Λk := Ψ
(
∇f(Xk)>Xk

)
+ Φ

(
Xk>∇XLβ

(
Xk, Ψ(∇f(Xk)>Xk)

))
Ù¥ Φ(M) := Diag(diag(M))

45 / 66



UUU???��� PLAM (YYY)

fff¯̄̄KKK���¿¿¿111¦¦¦)))

é i = 1, . . . , p, ¦)±��¬�f¯K

Xk+1
i := arg min

x∈Rn
L̃(i)β (x) = ∇XLβ(Xk,Λk)>i (x−Xk

i ) + ηk
2
||x−Xk

i ||22,

s. t. ||x||2 = 1

�# Xk+1 = [Xk+1
1 , . . . , Xk+1

p ].

, wwwªªª)))

Xk+1
i =

Xk
i − 1

ηk
∇XiLβ(Xk,Λk)∥∥∥Xk

i − 1
ηk
∇XiLβ(Xk,Λk)

∥∥∥
2
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PLAM ������¿¿¿111���444���zzz���{{{ (PCAL)

_ PCAL

1 Ð©z: X0 ∈ Rn×p, - k := 0;

2 �#éóCþ Λ (Lagrange ¦f):

Λk := Ψ(∇f(Xk)>Xk) + Φ
(
Xk>∇XLβ(Xk, Ψ(∇f(Xk)>Xk))

)
;

3 (�¿1) é i = 1, . . . , p, �#�©Cþ�1 i �

Xk+1
i :=

Xk
i − 1

ηk
∇XiLβ(Xk,Λk)∥∥∥Xk

i − 1
ηk
∇XiLβ(Xk,Λk)

∥∥∥
2

,

��Xk+1 := [Xk+1
1 , . . . , Xk+1

p ];

4 eÊÅOK÷v, K�£ Xk+1; ÄK, - k := k + 1 ¿�£Ú 2.
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ÊÊÊÅÅÅOOOKKK

• ‖∇f(X)−X∇f(X)>X‖
F

‖∇f(X0)−X0∇f(X0)>X0‖F
< 10−8 and

∥∥X>X − I∥∥
F
< 10−12

• ��S�ê: 3000
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ÿÿÿÁÁÁ¯̄̄KKK

¯̄̄KKK 1: ��5A��

min
X∈Rn×p

1
2 tr(X

>LX) + α
4 ρ(X)>L†ρ(X)

s. t. X>X = Ip,

¯̄̄KKK 2: ���å�g5y

min
X∈Rn×p

1
2 tr(X

>AX) + tr(G>X)

s.t. X>X = Ip

¯̄̄KKK 3: Rayleigh-Ritz ,4�z

min
X∈Rn×p

1
2 tr(X

>AX)

s.t. X>X = Ip

¯̄̄KKK 4: �a�g¯K

min
X∈Rn×p

1
2 tr(A

>XBX>)

s.t. X>X = Ip
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PCAL ��� ADMM ���êêê���'''���

'''������{{{

– SOC [Lai-Osher 2014]

(https://homepages.rpi.edu/˜lair/codes/CMs codes share.zip)

¯̄̄KKK 1
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(b) �15��Ý
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(c) f¯KS�ê

• PCAL SS��I��Ú
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♣ ÊÊÊÅÅÅOOOKKK

◦ ‖∇f(X)−X∇f(X)>X‖
F

‖∇f(X0)−X0∇f(X0)>X0‖F
< 10−8

◦ ��S�ê 1000

♣ ¿¿¿111\\\���'''

¿1\�'(m) =
üØp¨�m

m Øp¨�m

#cores: 1, 2, 4, 8, 16, 32, 64, 96
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���êêêCCCzzz
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(b) Problem 2

• PCAL: p¨�m�5O�
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¿¿¿111\\\���''' (p = 2000)
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(a) ¯K 1: MOptQR
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(b) ¯K 1: PCAL

• PCAL: �p�o¿1\�' Total
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5. ���������ååå`̀̀zzz333

>>>fff(((���OOO���¥¥¥���AAA^̂̂

54 / 66



>>>fff(((���OOO���

Kohn-Sham���ÝÝÝ���¼¼¼nnnØØØ [Kohn-Sham 1965]

• õN Schrödinger �§ −→ üN¯K
Kohn-Sham oooUUUþþþ444���zzz¯̄̄KKK

min
ψ1,...,ψp

EKS
total(ψ1, . . . , ψp)

s. t. ψ∗i ψj = δij

Ù¥ δij =

{
1, e i = j;
0, ÄK

• Kohn-Sham oUþ�¼ EKS
total(ψ1, . . . , ψp):

1

2

p∑
i=1

∫
Ω

‖∇ψi(r)‖2 dr +

∫
Ω

ρ(r)Vion(r)dr +
1

2

∫
Ω

∫
Ω

ρ(r)ρ(r′)

‖r − r′‖ drdr
′
+ Exc(ρ)

– Ω ∈ R3

– �fØê: nu
– üâfÅ¼ê: ψi(i = 1, . . . , p)
– >Ö�Ý: ρ(r) =

∑p
i=1 ψ

∗
i (r)ψi(r)

– lf³U: Vion(r) =
∑nu
j=1 zj/ ‖r − r̂j‖

– ��'éU: Exc(ρ)
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lllÑÑÑ¯̄̄KKK

lllÑÑÑ���Kohn-ShamoooUUUþþþ���¼¼¼444���zzz

min
X∈Rn×p

E(X)

s. t. X>X = I

Ù¥, >Ö�Ý ρ(X) := diag(XX>), oUþ�¼

E(X) :=
1

4
tr(X>LX) +

1

2
tr(X>VionX) +

1

2

∑
i

∑
l

|x>i wl|2 +
1

4
ρ>L†ρ+

1

2
e>εxc(ρ)

1 ÄU (L: ´²¡ÅÄ.e.Ê.d�f�k��L«)

2 ÛÜlf³U (Vion: (k�����e�lf�³)

3 �ÛÜlf³U (wl: ÝK¼ê�lÑ�³)

4 Hartree³U (L†: L ��_)

5 �²;���'éU (εxc: >f�^)
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ÿÿÿÁÁÁ¯̄̄KKK
◦ óä�: KSSOLV [Yang-Meza-Lee-Wang 2009]

(http://crd-legacy.lbl.gov/˜chao/KSSOLV/)

¯K n× p
al 16879× 12

alanine 12671× 18
benzene 8407× 15

c2h6 2103× 7
c12h26 5709× 37

co2 2103× 8

¯K n× p
ctube661 12599× 48
glutamine 16517× 29

graphene16 3071× 37
graphene30 12279× 67

h2o 2103× 4
hnco 2103× 8

¯K n× p
nic 251× 7

pentacene 44791× 51
ptnio 4609× 43
qdot 2103× 8
si2h4 2103× 6
sih4 2103× 4

ÿÿÿÁÁÁ���{{{
– SCF: gU|S�
– TRDCM: &6���4�z [Meza-Wang-Yang 2007]

– MOptQR: QRÂ 6/�{+ BBÚ�
(http://www.manopt.org)

– OptM: [Wen-Yin 2012] (BBÚ�)
(https://github.com/wenstone/OptM)

– PLAM: η = ηABB, β = 10
– PCAL: η = ηABB, β = 1

(https://github.com/opt-gaobin/PCAL)
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Solver Etot KKT violation Iteration Feasibility violation CPU time(s)

al, n = 16879, p = 12 (βPLAM = 10, βPCAL = 1)

SCF -1.5789379003e+01 4.88e-03 200 6.53e-15 539.51
TRDCM -1.5803791151e+01 6.36e-06 154 4.94e-15 336.79
MOptQR -1.5803814080e+01 1.88e-04 1000 1.33e-14 393.54

OptM -1.5803791098e+01 2.38e-05 1000 3.19e-14 378.80
PLAM -1.5803790675e+01 1.29e-05 1000 3.34e-07 399.80
PCAL -1.5803791055e+01 8.96e-06 596 5.95e-15 228.06

graphene30, n = 12279, p = 67 (βPLAM = 13, βPCAL = 1)

SCF -1.7358453985e+02 5.19e-03 200 1.93e-14 2815.79
TRDCM -1.7359510506e+02 4.80e-06 71 1.42e-14 765.92
MOptQR -1.7359510505e+02 9.92e-06 456 2.59e-14 800.08

OptM -1.7359510506e+02 2.47e-06 472 2.49e-14 904.44
PLAM -1.7359510505e+02 8.88e-06 330 2.75e-14 601.41
PCAL -1.7359510505e+02 8.52e-06 253 2.62e-14 548.70

ctube661, n = 12599, p = 48 (βPLAM = 13, βPCAL = 1)

SCF -1.3463843175e+02 3.88e-07 11 1.43e-14 56.43
TRDCM -1.3463843176e+02 6.85e-06 23 1.09e-14 87.41
MOptQR -1.3463843176e+02 7.21e-06 152 1.78e-14 107.62

OptM -1.3463843176e+02 2.35e-06 82 2.15e-14 59.23
PLAM -1.3463843176e+02 4.34e-06 107 2.37e-14 72.18
PCAL -1.3463843176e+02 9.68e-06 65 1.95e-14 54.07

pentacene, n = 44791, p = 51 (βPLAM = 13, βPCAL = 1)

SCF -1.3189029494e+02 5.76e-07 13 1.58e-14 293.68
TRDCM -1.3189029495e+02 7.60e-06 22 1.08e-14 276.25
MOptQR -1.3189029495e+02 7.78e-06 112 3.21e-14 306.97

OptM -1.3189029495e+02 1.39e-06 97 3.39e-14 283.02
PLAM -1.3189029495e+02 8.66e-06 123 3.52e-14 321.04
PCAL -1.3189029495e+02 7.67e-06 89 3.08e-14 271.32
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êêê���¢¢¢��� — ¿¿¿111

CCCqqq���lllÑÑÑ Kohn-Sham oooUUUþþþ444���zzz¯̄̄KKK

min
X∈Rn×p

1

2
tr(X>LX) +

1

2
ρ(X)>L†ρ(X)− 3

4
γρ(X)>ρ(X)

1
3

s. t. X>X = Ip,

• ρ(X) := diag(XX>)

• L = Diag(L1, . . . , Ls), Ù¥ Li ∈ R5×5 � (−1, 2,−1) a.�né�Ý


• γ = 2( 3
π )1/3

• PCAL: vëê β = 2
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• PCAL: p¨�m�5O�
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(a) MOptQR
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(b) PCAL

• PCAL: �p�o¿1\�' Total
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• ���å`z¯K
◦ ���`5^�
◦ ¦fwªL�ª

• �Â �{µe
◦ Âñ5
◦ ê�Ly`É

• f�m\��{

• ���å`z�¿1�{
◦ Âñ5, ÛÜ�5Âñ�Ý, E,Ý
◦ ¿1�*Ð5p

• >f(�O�¥�A^
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• í2¦f���{
• mu¿1�{^��
• �Ä��5��>f(�NX (z�þ?)
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