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o o~ w b=

i

TR IE Sk

F 2 A hask 6l Xk

X F ¥ Lagrange FHH 94T H %
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IE R 2y A4 E]

— &I X
o min  f(X) 11
xEiy (1)
s.t. X'X=1I, (p<n)

o fiR™P R, #ETH
o p(p+1)/2 A4 %
o Stiefel & M:

Sup={X RV | XTX =1}

e o Ao Bl 8%,
- JELLHR
— NP-3g 89 (457449 f)
- BRBTH (JI. iﬂﬁ) flz,y,2) = 22 + 5y% — 322 + 5z
— HRM T RR




IE R 2 RARACHY 2 A

o N p ANAFAEAR ) F FAE T S [Liu, Wen, Yang, Zhang 2013-2016]

min tr(XTAX) min tr(UTAATU)
XeRnxp UeRmXp
st X'X=1, s t. UTU =1,

o I A4 HT [Oja 2001; Jiang-Ma-So-Zhang 2017]
o BAH: n, HRK=NH: R™
o MM A RP™
o MEde:m —p

: At (XT(A— AVA— AT
in Lr (X7 ( A)(A-A)TX)
s. t. X'X=1I,

Hb A= %ZZLAZIT



EX LR B R (%)

e Bose-Einstein %t [Griffin-Snoke-Stringari 1996; Hu-Jiang-Liu-Wen 2015]

n
gﬂfé E(p) | s ;Iel%za% f(@):= 22T Az + glzl x}
g _— =

s. t. ]|z = 1

LAS RS 0] i‘l’—ﬁ‘ [Liu, Yang, Wang, Wen 2006-2015; Chen, Dai, Gao, Zhou]

TR A EHER [Ozolins-Lai-Caflisch-Osher 2013]
KAk A8 £ 4B 5 [Pietersz-Groenen 2004; Grubisi¢-Pietersz 2007]
B A5 A AL F] B [Theis-Cason-Absil 2009]



& AHHEAH &
o IR ik [Helmke-Moore 1994; Udriste 1994]
o 2%k [Smith 1994; Edelman-Arias-Smith 1998; Brace-Manton 2006; Gallivan-Absil 2010]
o ik [Smith 1994; Edelman-Arias-Smith 1998; Hu-Wen-Milzarek-Yuan 2017]
o k4% [Edelman-Arias-Smith 1998; Brace-Manton 2006; Huang-Gallivan-Absil 2010, 2015]
o fE#i¥kik: [Absil-Baker-Gallivan 2007]
M He 2% 75 i [Abrudan-Eriksson-Koivunen 2008]
o MMM, Cayley T #: [Nishimori-Akaho 2005]

& EEEF
o B4R E: [Manton 2002; Absil-Mahony-Sepulchre 2008]
o FRZ R HF ik [Wen-Yin 2012; Jiang-Dai 2014]

& AR XA %
o HRH % ADMM FesRif & H k. [Lai-Osher 2014; Chen-Ji-You 2016; Zhu-Zhang-Chu-Liao 2017;
Chen-Ma-So-Zhang 2018; Chen-Ma-Xue-Zou 2019]
E @ = iE 69 SVRG: [Liu-So-Wu 2015; Jiang-Ma-So-Zhang 2017]

[e)

& Absil-Mahony-Sepulchre, Optimization algorithms on matriz manifolds, Princeton
University Press, 2008



g R
min  f(X)

XESnp
o REEE: (21,2), =tr(Z] (I - (1 — 1)XXT)2)
o A
TxSnp = {ZERP:XTZ 427X =0}
{XW+ X, K:W' +W =0,W € RP*? K € R(*~P)xr}
{AX: AT + A=0,A c R"*"}

o MIME
grad, f(X) = (I - XX )V f(X) + p- Xskew(X TV f(X)) =0
— W RARTE F A grad, f(X) =0

[VF(X) - XXTVf(X |]F+p||XTVf X)-VfX)'X|,=0



A A (42)

B X 2 1] 29 R AL

i X ot XTX =
(i f(X), s p

o MXEE: (Z1,22), = (2] Z2)

| (I, — XXT)Vf(X) =0; (hAaRM) |
o —Mr KM EM,: | { XTVHX) = VX)) TX; (HARdE)
: XTX =1, (THH)
R RAL Bk X2 A 2 AR
AT E v -
T m TxSnp R™xP
I N 2E (JEIR MR ) M A2 20) | STAT /AT AT 7 i
I A 2 R - v
AT T I Rtk - v




& TH (FTH)

o RANAMRTT ERLRMAK] A
o Stiefel FLA} HAA= E L) RARA— M AN A3 2 X R
o Lagrange R¥ A —Mf2 2 E&BAA 2 XEEKX

o BT —RABMBHFER

o B R AT ikA b K LH % (GR, GP)

o VAF 383k AR T % 7 ik (CBCD)
o KRFHED ) B —ALEY Stiefel RMALE X H ok
o Bt T AT Lagrange H# a9+ H ok

o AR B A MALE X (PLAM)

o THATIIMIMLE K (PCAL)

o WFLEMIHH P A

10 /66



2. FFREH K



=] AR AR X

min X):=h(X)+tr(GTX
min X = B(X) + (G X) o
s. t. XTX = I,

Hb n(X) #R
o EXFEM: h(XQ) = h(X) YQES,,
o Vh(X)=H(X)X, B H:R" P SR™*"

—Hrm A S
r--r----- - - - -------- - - - - - - - -~ =" -" =" =" =" -"-~"“~"“="¥“=*"¥*"=¥"=”" ‘¥ =¥ *°"°"°=”"="¥=*"¥=”"=°”"=~°” =~-°” =~ A
E A AR b TiE
E ||Vf(X)—XXTVf(X)||§ |)XTVf(X)—Vf(X)TX||§ XTX =1, E
! 1 l !
! 0 0 v |
N s

12 /66



7 B BT AT ok

F—: HFMBALPTHR X' — X
EFEAE XD € S,y HETHE X RABL

JX) = 1) = €1 (= XX v e 2

¥ = fFHAFKRE X — XFH
EFdmeE X eS,,, HETHe X ARLHT
Xk:+lva(ka+l) _ vf(Xk:+l)TXk:+l
e BEH X'VFX)=XTHX)X+X'G, %R F XTG 4k
1) pxp FFENM: UST' =X'G
2) Xk = _XUT"
70 = £06) 2 min { 1 b XTVAC0) - VAC0TX

OHHFEALERE
-G=0&%p=1

13 /66



O RIREH &
MR € >0, X0 €S, ,, A k:=0;
BETITE X, A B BIALT M 54

PO = 5(%) > 0 [ - xE Ty v oo

B T ERFARES, F2)

. X, ifXTG=0"X;
=1 -XUTT, %0

£ USTT & XTG 893 FA60 %,

2
% H(I—XkaT)Vf (X*) HF <e BE XKL F,
L ki=k+1HBEH 2

14 /66



F—: BEXF &

HFEEG Y € B(X —7V(X),7]|VF(X)||r), FXAZ

FOO 00 2 T X v re 07

2T

BX,T

X -1V f(X)

15 /66



# & B 4t i% (GR)

& Householder % 3%

V = XF_7Vf(XF),
X = (—I+2v(VTV)lyT)x*
£ O A )\(
’ N
PR

o EXHIHL XTX =1,
o AT IElk:

2

i

2t -p) H(I—X’“X’“T)Vf(X’“)‘ ;

f(Xk)_f(X) (7__1 +,0+9)2

%

HEF e (0,p7h)

16 /66



W B % % (GP)

Vo= XF—rVf(xh),
X = Ps,, (V)
b Ps, , (C)=UVT, N (
— y I
B C=UsVT A&F{Es5 M7 s\
VeV
o EXHIHL XTX =1,
o T Iek:
1 2
k 7 T P kyk ! k
fX7) = f(X) > m'H(I—X X" O)VF(X )‘Fa

HEF e (0,p7h)

17 /66



—: 3k &4 TF %% (CBCD)

* ]’15'] yg}k%ﬁ&f‘l’i*’i-}—]‘%% fi,X(x) = f(X1 ..... Xi1,x, Xy e, Xp)

min f; x(z)

reR”™
st |z, =1,
X;w =0
o T B AR AEAF 7 K AE:
fiwioi(Xi) = fiwinn(z%) > k|| X5
X —at||, > ko H(I— WitWit Y, e (X3) .

F(X) = F(X) 2 Co - || (- XXT)VF(X)|,

18 /66



HBALD T &
PO (%) 2 0|1 - x|

KFRES

f(X)—f(X’““)zmin{g—le,l}-HXTVf(> VIE)TX;

4 [XF) R B R FREL S E X0 € S,, EABERET. M (X} 4
AT B, AT (XF) W E—AR A X AR (2.1) 8 —HR
bk
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i tHE
R A AR T TR T
DU A
RE" [Abrudan-Eriksson-Koivunen 2008] O(n®) O(n®)
R [Nishimori-Akaho 2005] o(n®) O(n®)

R [Edelman-Arias-Smith 1998]
RY [Wen-Yin 2012]

10np? + 2np + O(p%) 4np? + O(p®)
Tnp® 4 2np + O(p®)  4np® + np+ O(p®)

BHEEE

'R% [Absil-Mahony-Sepulchre 2008]
R [Absil-Mahony-Sepulchre 2008]
R% [Manton 2002]

RY [Jiang-Dai 2014]

6np® + 3np + O(p?)
7np® + 4np + O(p®)
Tnp® +4np + O(p®)  3np® + 3np + O(p*)
Tnp® 4+ 3np + O(p®)  2np® + 3np + O(p°)

2np2 + 2np
2np® + 2np + O(p®)

BAVRY H ik

GR

GP
CBCD-GR
CBCD-GP

9np® + 4np + O(p?)
7np® + 3np + O(p°)
4np® + 8np + O(p?)
Anp? + 5np + O(pg)
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)X, 5] A

min  2tr(XTAX) + tr(GTX)
XERnxP
s. t. XTXx=1I

A:=UANUT, G:=a-QD

SRR RS

- MOptQR: QR A %A M H 5+ BB F K
(http:/ /www.manopt.org)

— OptM: [Wen-Yin 2012] (BB # K)
(https://github.com/wenstone/OptM)

— GR-BB: # E R 4tk + BB step size
(https://github.com/opt—gaobin/FOForth)

~ CBCD-C: AF| A 3 e AR T T ik

21/66


http://www.manopt.org
https://github.com/wenstone/OptM
https://github.com/opt-gaobin/FOForth

BB # K [Barzilai-Borwein 1988]

Jk:—l —_ Xk _Xk—l
Wk:fl — (I_kalxk:flT)Vf(kal)
Kk:fl — Wk: _ kal

BBl ._ (JEh I BB2 _ (S5 B
[(JF=T, KE=1)" T T (KA1 A1)

B i B ¥ K [Liuv-Han-Guo 2019]
X% BB ¥k (ABB) [Dai-Fletcher 2005]

BB %k R B
T BB2 % L R K
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LA AR LR

i Performance profile of 2916 problems on CPU time i Performance profile of 2916 problems on iteration number
et T
- '
09f 09 J
I
0.8 08 I,l
07 07 i
4 =
06 06 i P
3 3 e P
05 2,05 7 P
- - e L
g -
0.4 J 04 /( ) :!,’fa
03 [.:"' 03 P
-
02 e 0.2 o~
014 . o1l
L. [«
0 - . . ° . . .
10° 10" 10? 10° 10" 10? 10°

(a) CPU B (b) i K

| CBCD-C | OptM | GRBB | MOptQR
KKT # A& | 1.6075e-05 | 2.1730e-05 | 1.9501e-05 | 2.5072e-05
Tt RA| 1.9172e-14 | 1.5276e-14 | 1.9350e-14 | 2.1006e-15
%t 44 | 6.5780e-06 | 8.1754e-06 | 3.0417e-06 | 7.9584e-06

— AR E AR 2o 1= | et Umesd | R s kR m)

1+| ming { Fpm s }
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3. TR B ik 6yl s R H ik



1] AR X
min X):=h(X)+tr(GTX
i SO0 = A +4(GTX) o
s. t. XTX = I,

AP h(X) #HE

o EXAEM: M(XQ)=nX)VQeS,,

e Vh(X)=H(X)X, B H:R"¥P — SR™"
KFEBED: Xk:+1va(Xk+l> = Vf(XFHT xk+

whi_ | X, fXTG=GTX;
=1 -XUuTT, £

HEb USTT & XTG 8% F1EH %

0 = gt z i { g XTVACO) - E)TR

25 /66



T = AL

& RFRESHE

Q* = argmin f(XQ) k41 _ 7 o*
QESy,p — X =XQ

& FEEMKML: X €Sy

i X
L J(X)
s.t. X € DX'

£ Dy ={XQ:Q€8,,} CSh, £ X WEXREF =],
© 2 X#

|Xk+1 — _XUTT

& ik H ok
r-—-——-—"""="="=""="="="~"="~"="=~”"=~”"=”"=-=- oo TeT T T il
E ok THRE EETHTRFE & ERE ki E
L e e m e e e e e e e e e e e e e e = J
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ho i HRAR R

O FR AR I R X E &

WA 47 Stiefel R S, LAIKGERS R, F
#a>0,cp,0e(0,1); X°€S,,, & k:=0;

(B HALT T £2)
BB F T8 DF € TyrSpp, 1R AL £k KPR, 4
B X eSnp

(i B £ )
AT X, i F =8P A M TS X, iR

I}

Xk+1 _ _XUTT

AP USTT & XTG 093 FAE5 %
EAAER R, MBS XL F, & k= k+ 1 AR S 2
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& Ryl s

A (XK} R ETFE ok A R R R SRS S X0 €S, AR
BT W {XFY BAE-AET P, AR ET] {XF) E AR E X AR
A (3.1) B9 — I AL A

By 3R B PEIK B JE [Absil-Mahony-Sepulchre 2008]
— B AMME B
— Tl @: DF = —grad f(XF)
- Armijo &% &

28 /66



)1, 1] &

min  2tr(XTAX) +tr(GTX)
XeRnxp
s. t. XT'X=1

A:=UANUT, G:=a-QD

X &
— MOptPJ: SVD Je2g A H &+ BB F K
(http:/ /www.manopt.org)
— MOptPJ-C: F & A An ik 69 MOptPJ
—~ MOptQR: QR4 A M H %+ BB H Kk
(http://www.manopt.org)
— MOptQR-C: F = A A ik 49 MOptQR

— GR-BB: # % B %1%+ BB step size
(https://github.com/opt-gaobin/FOForth)
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KKT violation

2 n=3000,p=60
10 . , ( ‘ ‘
-~ GR-BB
——ManPJ-BB
-+ ManPJ-BB-C
w? --ManQR-BB |3
-> ManQR-BB-C
102k
10F
106k
10°®
10 20 30 20 = pos
iteration

(a) FAEAH: £=0

o ot AR B B
e SVD #2 QR % #41F 2| 4B R 49 F =

n=3000,p=60

102 T . ‘ ‘ ‘
- GR-BB
——ManPJ-BB
\ =+*ManPJ-BB-C
w0? —~-ManQR-BB |3
i -> ManQR-BB-C
c
S107?
=
2
S
S o4
<10

iteration

(b) A A% €=05

i span { X }
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%R (%)

TRAE [ MR F & o F AR KKT &R E E#ERKHE CPU HE|(s)
GR-BB -25.5806718521 2.04e-08 31 1.80
ManPJ-BB -25.5806718521  3.51e-08 149 5.76

p =120 |[ManPJ-BB-C | -25.5806718521  3.60e-08 104 5.24
ManQR-BB -25.5806718521 3.45e-08 158 6.22
ManQR-BB-C | -255806718521  3.60e-08 104 5.18
GR-BB -10.9204582842  1.19e-08 32 0.98
ManPJ-BB -10.9204582842  2.33e-08 278 5.01

¢=1.1 |ManPJ-BB-C | -10.9204582842  2.27e-08 157 4.07
ManQR-BB -10.9204582842  2.34e-08 229 482
ManQR-BB-C | -10.9204582842  2.24e-08 156 4.00
GR-BB -23.3612295898  3.33e-08 98 2.89
ManPJ-BB -23.3612205898  3.46e-08 154 3.27

€=0.5 |ManPJ-BB-C | -23.3612295898  1.64e-08 99 2.53
ManQR-BB -23.3612295898  1.57e-08 148 3.06
ManQR-BB-C | -23.3612295898  1.64e-08 99 2.57

o MiRjGIERY HIF MY

e CPUE

7 B A o Y
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4. X F 3 ) Lagrange o £ 89 51

TH &
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FE2HRH —KFTHHE

& F /MR &
— BTt

L — H#by i 5
V;on —4&7&%'&;@%

& Ak MR HIEM (BLAS)

it H 3 2 =5 }%T (m %)
tr(XTLX)
g(gﬁijQ O(np) ~ O(np/m)
e ezc(p)
Lt O(m)  O(nfm)

O(nlogn) O(nlogn/m)

- ARE
+H R BT 7 (m %)
Y1 +Ys
vy O Olnp/m)
Y Vs O(np?) O(np?/m)

EZH O(np?) + O(p?) —

© A ERALAZ KT I Rt
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Courant 3 &% — 3%/ Lagrange & &
o -:-/J,(‘f‘:j IZI#CZ:L‘EE] %"7@9"; B A7 4% [Wen-Yang-Liu-Zhang 2016]

32" Lagrange 4L [Powell 1969; Hestenes 1969]

Ls(X,A) = f(X)-— Q\XTX I,) —HXTX IHF

€ ¥ ) Lagrange H¥ ik
w Xk Ak
PHBETE X

XFHL = argmin L5(X, A¥)
XeRnxp

LA EE A (Lagrange K T):

ARFL . AR ﬁ(Xk-i-lTXk—i-l )

[ LA L.
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VF(X)— XA =0; (kAR ML) !
{ A=AT; (FHARbE) :
I

— M RS |
: XTX =1, (FT471E)

Bk X R ERARKAF A —NAEZ &, I EXH RN T Lagrange
Fik R

A=XTVf(X)=VHX)X.

& KT EXZHHEX

AF = W (VF(XF)TXF)

Hd @R SRV AAARHET W(A) = L(A+AT)
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KT EXLHEIE) Lagrange HE &

O KT B XZHEET Lagrange K3k
s X0 e RW¥P, & k= 0;
L HAABEE A (Lagrange T):

AP = o (VXM TX);

Xk = argmin L5(X, A¥)
XeRnXp

BRI, MAE XA B, 4 k= k41 AR S 2

=
off

B RREEE X |
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HRF R AR

— B
513 4.1

M FAEEHL omin(X*) > 0 89 X7, ik f > EIAXTLT g 55 0,

02in (X7)

0T XAk 2

e x| e
|2 Txe -1 < FE VL A

P A =U(VFAX)TXY). HAE, R X* EA4 T FA

in Lz(X,A*
ain 3(X,A")

B—fae &, £F A= U(VA(X)TXH), M X* 2R FE A —Hh e k.

v

o AF AT B H
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T 19 R K %

\ﬁ_ ~ A J
min  Lg(X, A") % min  mg(X)
X EeRnxp XERnxp

& AR B ERHEAE L — THITRB

M (X) 1= (VxLp(X5 %), X = X + 2 |l - X*

© 2 X#
XFH = argmin my, 1 (X)
XeRnXp
BRI,

1
ch+1 _ Xk _ %Vxﬁg(Xk,Ak)

o 1/m HRIEER LAY K
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AR & & PEWIE S Lagrange i (PLAM)

A X0 e RY¥P, A |k :=0;
LAAABEZ A (Lagrange K T):

AR =W (VF(XF)TXP);
(T 17) RATRIBEE X:

Xk = argmin my, 1 (X)
XeRnXp

1
= XFk- n—kvxcﬁ(xk,Ak);
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AR — BR

45 2B K

1B 4.1
MHTURH X0, WwRAEE o (0,1) 17

(X 2, 0<[|X°TX° - <1-¢?,

W) RAVARH A — AN A0 A5 1A

XO T IRE B 45 2]
(i) X°=Q%, £F Q€ S,, X =dag(l,..,1,1/1—02)
p—1

(i) X0 ¢ Spp #HX 070,,(X%) > 1~ 5 Bop (X0) <1+ 5

min

40/ 66



it oM — Bk ()

=

Wy

R=|x°Tx" -1,

. C={X|||X"X - L], <R} f = min £(X);

_ . _ . _ 2
M =max||X|l;; N =max [VA(X)llp; L =max|V2F(X)]],

LR e
1
MX%:ﬂX)—5@MVﬂXfX%XTX—QQ+§HXTX—LM§
o f ZRESZTH

o Vf(X) £%% C L Lipschitz i %
o BEFH Ly>0 5 B AKX &3

IVA(X) = Vh()llp < Ln[|[X =Yg, VXY €C
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ik pH — Bk (5)

B HABIR

BIX 4.2

(03

c1 €
a a

R2(Bg2 — AMN
e € (0, (ﬂ_2N2 )] ;0" e nn,
L

01N o max | MN , [MPN? (N LM? MN 4MN|
’ ’ * &2 4 402(1 - 2¢1)" o = a2 ’

201’ R ’ Co
Np = (14+ M?)N + BRM, 7>n.

Ly, 2NpM + NpvVAM? 2R R+ 2M?
A+ n=max{ — g
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& Ry AsE

<3 4.1

A {XF) R HE ik PLAM Ands & X0 A& R ek K 57, b ands & X0 2
1Bi% 4.1 H LA AR HRBIE 4.2 WEF {XF) 2V A—ARE LEE
Efc$%ﬁ;a/?ixé‘}ﬁi4t%lﬂ%ﬁé’a —hfae k. #—F, TR é’JK>1 T X

f(X%) — f+ MNR + BR2/4
k Ak L
VxLa(x* A ]|F<\/ e :

o kMM
o BEE O(1/e) kit RAESF

max { ||V x £5(X*, A%

Xk xk IHF} <e
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Jy SR A S5 IR B

B% X* R R E R L KRR R 69 —ANIK 2 B3R ME &, BB & A8

tr(YTV2f(X)[Y] - AYTY)
T = 1n 3 o
0AY €ETx Sn.p [1Y||5

Hikt A RH R B> LEMNET fa gk e [, ], ¥ 7> n> L+ MN +28. 1
B e > 01243, Hik PLAM MAEFH L || X0 — X*||p < e t9d4 5 X0 h &
AR ERET] {XF}, A Q-Bbhik Flksk B X+,
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&34 PLAM

PLAM &) &Ik
- "Ei'fﬁﬁiﬁiﬂ'i;‘%%( ﬁk f" Nk 5’}5%‘&%
- B B — Mk
- BK B HEEIR g, — KSR LR

& HHERE: BT R FLERAR

~ 2
min - Lp(X) = (VxLp(X*,A), X = XF) + 2 || x - X*|3

XeRnxp
s. t. X =1, ¢=1,...,p
CEVSAE S A &)

A= (VX9 TXE) + 0 (X5 O Ly (X5 0 (VX9 XY)

H ¥ ¢(M) := Diag(diag(M))
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ikt PLAM (%)

F B AT A 4T KA
i=1,...,p, KMVAF|H 3T A

X = argmin £0)(2) = VxLa(XR AR (0 - XE) + B e - XEI3,
zeR™
s. t. [lz]]2 =1

RA XL = (XL XA

® %X

X~ LV £5(XF A)

7

X{C-‘rl _
k_ 1 kE Ak
HXi "kVXiLﬂ(X A )HQ

i =
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PLAM # 7T 3 47 5| # ) LS & (PCAL)

st X0 € RW¥P, 4 k= 0;
LAAABEE A (Lagrange K T):
AP = w(VF(XR)TXF) + @ (XkTvXLﬁ(Xk, lI/(Vf(X’“)TX’“))> ;
(THT) M i=1,....p, BHRIEEEWH i 7
XF— LV L5(XH, AR

7

E_ 1 E ARy
|

(3

k+1 .
XFH =

FEIXEH = (X XA
EAEHEN FH L, MiBE XA T, A ki=k+ 1 FBEF 2.
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15 AL 0

[Vsx)-xvix)" x|,
[VF(XO)—XOVF(XO)TXOp

o KEARAL: 3000

<107% and || XTX —1T|, <107'2
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;| 1X, 7] A2

AR 1 dF & A AR
min - Lr(XTLX) + %p(X)TLIp(X)
ERnXp
s t. XTX =1,
A 2: JE AR ZIRALR]
i tr(XTAX) +tr(GTX
Lain gt ) + (G X)
st. XTX =1,
¥l # 3: Rayleigh-Ritz &/t
min  1tr(XTAX)
XeRnxp
st. X'X=1I,
FIA 4 — kR PIAL
min  1tr(ATXBXT)
XERnxp
s.t. XTX =1,
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PCAL 5 ADMM & & A b4k

i ik
— SOC [Lai-Osher 2014]
(https://homepages.rpi.edu/"Iair/codes/CMs_codes_share.zip)

=2 1
n=1000, p=20 n=1000, p=20 =100, p=20
10° 10° 50
|—PCAL| |— PCAL| —PCAL
[—soc [—soc —sSocC
40
< c
0 £ S
§ 10 g €30
= g 2
H B
g % £20
3 5
o & 3
10
1010 1 o=
0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000
iteration iteration iteration

(a) KKT &R & (b) T &R R (c) TR

e PCAL H#RAEZ—F
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& 1EHLE N

[|[vr)-xvix)T x|,

-8
° rx—xevrxoTxo, < 10

o & K& XKE 1000

& FHiTAeik b
TR
47 ik b (m) = Y 3 4P B 1A

#cores: 1, 2, 4, 8, 16, 32, 64, 96

om AR
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35 4 i 1l — 96 A

PR AR

n=10000, #cores=96 n=10000, #cores=96
12000 7000
10000 6000
w % 5000
T 8000 1
£ £ 4000
é 6000 é
3 3 3000
T 4000 =
g < 2000
2000 1000
o
500 1000 1500 2000 2500 500 1000 1500 2000 2500
width of variable width of variable
(a) Problem 1 (b) Problem 2

o PCAL: 3 4F Al &tk K
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FH A7k kb (p = 2000)

n=10000, p=2000 n=10000, p=2000
80 80

@
o

@
o

parallel speedup factor
N B
o o
parallel speedup factor
ey
o

n
o

o "y ) Imﬂ I [ I I o — |} IHIH | 0 lin

1 2 4 8 16 32 64 96 1 2 4 8 16 32 64 96
number of cores number of cores
(a) 742 1: MOptQR (b) 742 1: PCAL

o PCAL: % 78847k 1k
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LA R

Kohn-Sham % & Z 3 2 # [Kohn-Sham 1965]
e %4k Schrodinger 742 — F 4K 4
Kohn-Sham & & = ) L 2] 2

min i (Y1, )

'4/"17~-~y¢p
s t. Yip; = 0y
g, ={ L Ei=T
N 1) 0, E‘J"\"]
o Kohn-Sham &/ & 2 ELS (Y1,...,0p):
72 / 195 ()12 dr + / p(r)Vion (r)dr + = / / ”[)ffn,” drdr’ + Bve(p)

- QeR?

- BRFBHE n.

EEFERHE: pi(i=1,...,p)

— WHEREA p(r) = 200, i (r)i(r)

= BT HRE: Vien(r) = 307, 25/ I — 74l
- XKL Exo(p)
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R a

# # #9 Kohn-Sham % it &2 H ML

min E(X)
XeRnXp
st XTX=

A, RHEE p(X) :=diag(XXT), EReELY
1

E(X) = -tr(X LX) + tr(XTanX)-i- Zch wy|? + pTLTp+ —eleze(p)

l

rlkﬁ—‘

Mg (L: Z-F@mE AR TEELEMETHAMRELRT)
B3 BT R (Vien: B FREARETHETRY)
BB TRk (wi: BB B BFEY)

Hartree %4t (LT: L #9thi%)
2P0y T K TR (€ BTHEA)
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X, 7] AL
o TA®: KSSOLV [Yang-Meza-Lee-Wang 2009]
(http://crd-legacy.lbl.gov/~chao/KSSOLV/)

2] AL nxp
al 16879 x 12
alanine (12671 x 18
benzene | 8407 X 15
c2h6 2103 x 7
c12h26 | 5709 x 37
co2 2103 x 8

DURE A2

- SCF: ABBER

] 7L nxp BE n X p

ctube661 [12599 x 48 nic 251 X 7
glutamine |16517 x 29 pentacene (44791 x 51
graphenel6 | 3071 x 37 ptnio 4609 x 43
graphene30 [12279 X 67 qdot 2103 x 8
h2o 2103 x 4 si2h4 2103 x 6

hnco 2103 x 8 sih4 2103 x 4

(https://github.com /wenstone/OptM)

— PLAM: 1 = nage, 8 =10
- PCALZ 7 = 7ABB, ,B =1

(https://github.com /opt-gaobin/PCAL)

TRDCM: 12 #3R AL 448k [Meza-Wang-Yang 2007]
MOptQR: QR k4 im s Hik+ BB # Kk
(http://www.manopt.org)

OptM: [Wen-Yin 2012] (BB # K)
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Solver ||

Etot

KKT violation Iteration Feasibility violation CPU time(s)

al, n = 16879, p = 12

(BpLam = 10, BpcaL = 1)

SCF -1.5789379003e+01  4.88e-03 200 6.53e-15 539.51
TRDCM ||-1.5803791151e+01  6.36e-06 154 4.94e-15 336.79
MOptQR| |-1.5803814080e+01  1.88¢-04 1000 1.33e-14 393.54

OptM ||-1.5803791098e+01  2.38¢-05 1000 3.10e-14 378.80

PLAM ||-1.5803790675¢+01  1.29¢-05 1000 3.34e-07 399.80

PCAL ||-1.5803791055¢+01  8.96e-06 596 5.95¢-15 228.06

graphene30, n = 12279, p = 67 (BpLam = 13, BpcaL = 1)

SCF -1.7358453985e+02  5.19e-03 200 1.93e-14 2815.79
TRDCM | |-1.7359510506e+02  4.80e-06 71 1.42e-14 765.92
MOptQR||-1.7359510505e+02  9.92¢-06 456 2.59%e-14 800.08

OptM | [-1.7359510506e+02  2.47e-06 472 2.49e-14 904.44

PLAM |[-1.7359510505e+02  8.88e-06 330 2.75e-14 601.41

PCAL ||-1.7359510505e+02  8.52e-06 253 2.62e-14 548.70

ctube661, n = 12599, p = 48 (BpLaMm = 13, BpcaL = 1)

SCF -1.3463843175e+02  3.88e-07 11 1.43e-14 56.43
TRDCM | |-1.3463843176e+02  6.85e-06 23 1.09e-14 87.41
MOptQR||-1.3463843176e+02  7.21e-06 152 1.78e-14 107.62

OptM -1.3463843176e+02  2.35e-06 82 2.15e-14 59.23

PLAM |(-1.3463843176e+02  4.34e-06 107 2.37e-14 72.18

PCAL |[-1.3463843176e+02  9.68e-06 65 1.95e-14 54.07

pentacene, n = 44791, p = 51 (BpLaM = 13, BpcaL = 1)

SCF -1.3189029494e+02  5.76e-07 13 1.58e-14 293.68
TRDCM | |-1.3189029495e+-02  7.60e-06 22 1.08e-14 276.25
MOptQR| [-1.3189029495e+02  7.78e-06 112 3.21e-14 306.97

OptM | [-1.3189029495e+02  1.39e-06 97 3.3%-14 283.02

PLAM |[-1.3189029495e+02  8.66e-06 123 3.52e-14 321.04

PCAL |[-1.3189029495e+02  7.67e-06 89 3.08e-14 271.32
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Performance profile
——

~-=-SCF

—
X
v
(@]
<

—— MOptQR
——OptM

== PLAM 1
—PCAL

10t
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%A F# Kohn-Sham & #t 2 #0452

ol

Lo o Su(XLX) 4 5p(X) LTp(X) = gyp(X) " p(X)

s.t. XTX =1,

p(X) == diag(XXT)

L =Diag(L1,...,Ly), 9 L, e RS % (=1,2, —1) £R e =5 fj 4[5
v =2(2)!/3

PCAL: 154 B =2

60 /66



3 4 0 I9)

Sk . 414

%104 n=10000, #cores=96

&~ MOptQR
-B-PCAL

w

wall-clock time(s)
N

1
500 1000 1500 2000 2500

width of variable

o PCAL: 3&4hatia) &t 38 K
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FH 47k rb (p = 1000)

n=10000, p=1000 n=10000, p=1000

N
[s)
N
=)

N
o

parallel speedup factor
N w
o o
parallel speedup factor
w
o

i
<)
=
1S)

o
o

TTW@WM } mmmmwﬂﬂ

16 32 64 96 1 2 4 8 16 32 64 96
number of cores number of cores

(a) MOptQR (b) PCAL

o PCAL: % %898 47hmit 1k
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IE 2 RARAL B AL
o —MrE ik ft
o ’FEXEZ X

AR AR R
o JKEH
o HAELE MR

F o2 A ek Bk

ER ARG F AT
o MBI, B A MILSGRE, AR
o FATTHRKEZ

LA E Ok R SR
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o HSRFRESE
o FFARIHITH MMt E
o HEXRMBEMYETLEMKR (BT ER)
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